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Abstract. We obtain local boundedness and maximum principles for weak subsolutions to cer¬ 
tain infinitely degenerate elliptic divergence form equations, and also continuity of weak solutions 
in some cases. For example, we consider the family ^>0 

fk,a (^) — 1^1^ < X < OO, 


of infinitely degenerate functions at the origin, and derive conditions on the parameters k and a 
under which all weak solutions to the associated infinitely degenerate quasilinear equations of the 
form 


div A {x, y, u) grad u = 4> (x,y) , A (x, y, z) • 


1 0 
0 fk.cr {xf 

with rough data A and 0, are locally bounded / satisfy a maximum principle / are continuous. 

As an application we obtain weak hypoellipticity (i.e. smoothness of all weak solutions) of 
certain infinitely degenerate quasilinear equations 


du 

dx^ 


+ f {x,u{x,y)fi 


du 

dy^ 


<f>ix,y), 


with smooth data / (x, 2 ) ~ /fc o- (^) and 0 (x, y) where / {x, z) has a sufficiently mild nonlinearity 
and degeneracy. 

We also consider extensions of these results to and obtain some limited sharpness. In 
order to prove these theorems we develop subrepresentation inequalities for these geometries 
and obtain corresponding Poincare and Orlicz-Sobolev inequalities. We then apply more abstract 
results (that hold also in higher dimensional Euclidean space) in which these Poincare and Orlicz- 
Sobolev inequalities are assumed to hold. 
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Preface 


There is a large and well-developed theory of elliptic and subelliptic equations with rough data, 
and also a smaller theory still in its infancy of infinitely degenerate elliptic equations with smooth 
data. Our purpose here is to initiate a study of the DeGiorgi-Moser regularity theory in the context 
of equations that are both infinitely degenerate elliptic and have rough data. This monograph can 
be viewed as taking the first baby steps in what promises to be an exciting investigation in view of 
the numerous surprises encountered here in the implementation of DeGiorgi-Moser iteration in the 
infinitely degenerate regime. The parallel approach of Nash seems difficult to adapt to the infinitely 
degenerate case, but remains an enticing possibility for future research. 


V 




Part 1 
Overview 



The regularity theory of subelliptic linear equations with smooth coefficients is well estab¬ 
lished, as evidenced by the results of Hormander [Ho] and Fefferman and Phong [FePh] . In [Ho] , 
Hormander obtained hypoellipticity of sums of squares of smooth vector fields whose Lie algebra 
spans at every point. In [FePh] . Fefferman and Phong considered general nonnegative semidefinite 
smooth linear operators, and characterized subellipticity in terms of a containment condition in¬ 
volving Euclidean balls and ’’subunit” balls related to the geometry of the nonnegative semidefinite 
form associated to the operator. 

The theory in the infinite regime however, has only had its surface scratched so far, as evidenced 
by the results of Fedii [Fe] and Kusuoka and Strook [KuStr] . In [Fej . Fedii proved that the 
two-dimensional operator + f (x)^ is hypoelliptic merely under the assumption that / is 
smooth and positive away from x = 0. In [KuStrj . Kusuoka and Strook showed that under the 
same conditions on / (cc), the three-dimensional analogue + f {x)^ of Fedii’s operator 

is hypoelliptic if and only if lim 2 ,_>o x In / (x) = 0. These results, together with some further 
refinements of Christ [Ch?I, illustrate the complexities associated with regularity in the infinite 
regime, and point to the fact that the theory here is still in its infancy. 

The problem of extending these results to include quasilinear operators requires an understand¬ 
ing of the corresponding theory for linear operators with nonsmooth coefficients, generally as rough 
as the weak solution itself. In the elliptic case this theory is well-developed and appears for ex¬ 
ample in Gilbarg and Trudinger and many other sources. The key breakthrough here was 

the Holder apriori estimate of DeGiorgi, and its later generalizations independently by Nash and 
Moser. The extension of the DeGiorgi-Nash-Moser theory to the subelliptic or finite type setting, 
was initiated by Franchi [Fr] . and then continued by many authors, including one of the present 
authors with Wheeden [Sa Whi] . 

The subject of the present monograph is the extension of DeGiorgi-Moser theory to the infinitely 
degenerate regime. Our theorems fall into two broad categories. First, there is the abstract theory 
in all dimensions, in which we assume appropriate Orlicz-Soholev inequalities and deduce local 
boundedness and maximum principles for weak subsolutions, and also continuity for weak solutions. 
This theory is complicated by the fact that the companion Gacciopoli inequalities are now far more 
difficult to establish for iterates of the Young functions that arise in the Orlicz-Sobolev inequalities. 
Second, there is the geometric theory in dimensions two and three, in which we establish the 
required Orlicz-Sobolev inequalities for large families of infinitely degenerate geometries, thereby 
demonstrating that our abstract theory is not vacuous, and that it does in fact produce new 
theorems. 

The results obtained here are of course also in their infancy, leaving many intriguing questions 
unanswered. For example, our implementation of Moser iteration requires a sufficiently large Orlicz 
bump, which in turn restricts the conclusions of the method to fall well short of existing counterex¬ 
amples. It is a major unanswered question as to whether or not this ‘Moser gap’ is an artificial 
obstruction to local boundedness. Finally, the contributions of Nash to the classical DeGiorgi-Nash- 
Moser theory revolve around moment estimates for solutions, and we have been unable to extend 
these to the infinitely degenerate regime, leaving a tantalizing loose end. We now turn to a more 
detailed description of these results and questions in the introduction that follows. 


















CHAPTER 1 


Introduction 


In 1971 Fedii proved in [Fe] that the linear second order partial differential operator 

is hypoelliptic, i.e. every distribution solution u £ V' (R^) to the equation Cu = (j) £ C°° (K^) in 
is smooth, i.e. u G C°° (K^), provided: 

. / G (R), 

• / (0) = 0 and / is positive on (—oo, 0) U (0, oo). 

The main feature of this remarkable theorem is that the order of vanishing of / at the origin 
is unrestricted, in particular it can vanish to infinite order. If we consider the analogous (special 
form) quasilinear operator, 


-^^quasi^ V) — 


-I — 


f{x,u{x,y)Y 


dy^ 


u(x,y ), 


then of course f {x,u{x,y)) makes no sense for u a distribution, but in the special case where 
/ (a;, z) ~ f {x, 0), the appropriate notion of hypoellipticity for £quasi becomes that of W]^' (R^)- 


hypoellipticity with A = 


1 0 
0 f{x,Q) 
(R^)-weak solution u to the equation £, 

'a' 


, where we say £quasi is 


1,2 gygj-y 

quasiU = 1 ^ is smooth for all smooth data 4> (x, y). Here 


u £ (R^) is a W^’ (R^)-weak solution to £quasiW = ^ if 


/ 


(Vw)*" 


1 0 
0 f{x,u{x,y)f 



for all w £ (R^)g . 


See below for a precise definition of the degenerate Sobolev space (R^), that informally consists 
of all w £ (R^) for which f AVw < oo. 

There is apparently no known (R^)-hypoelliptic quasilinear operator £quasi with coefficient 

/ (x, z) that vanishes to infinite order when a: = 0, despite the abundance of results when / vanishes 
to finite order. However, in the infinite vanishing case, if we assume the stronger condition (1) below 
and in addition condition (2) below. 


- \f{x,z)-f{x,0)\ ^ 1 - 

SUP( 2 , ^)g(M\{o})xR- fix,0) - — 2 SUp,^gRy{Q} 

(2) a W\’^ (R^)-weak solution u to ^quasiw = 0 is continuous, 


fix.O) 


= 0, and 


then in 2009 it was shown by Rios, Sawyer and Wheeden in [RSaW^ that u G C°° (R^). As a 
consequence of this and Theorem [55] below on continuity of weak solutions, we obtain that certain 
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of these quasilinear operators £quasi are (R^)-hypoelliptic. For fc > 1 and ct > 0 let 
(1.1) fk^a- (x) = , |a;| > 0 sufficiently small. 

Theorem 1. Suppose that f (x,z) is smooth in and that in addition, f (x,z) satisfies (1) 
and that for either fc > 4 and cr > 0, or fc = 3 and 0 < a < 1, the function f {x, 0) satisfies 


(1.2) cfk,cr {x) < f {x, 0) < Cfk,cr (x ), for small |a;| > 0. 

Then the quasilinear operator £quasi is (R^) -hypoelliptic. 


Remark 2. The local sup norm bounds on the derivatives of u in Theorem[l\ depend 

only on the constants C,a in condition \1.2\) . on the size ||T^“(/'||ioo of the derivatives of 4>, and on 
the norm of the weak solution u in (R^). 


Of course, to prove Theorem [U it suffices to show that a weak solution u to an equation 
^quasiM = (j) IS continuous, since then the result in [RSaW2] gives smoothness - see Section [T] 
below for details. In the appendix we give an example involving the Monge-Ampere equation in 
two dimensions to illustrate the limitation of Theorem [T] to quasi-linear equations. 

Our method for proving continuity of weak solutions u to TquasiW = ()> is to view u as a weak 
solution to the linear equation 

( d 5 1 

Cu{x,y) = +g{x,yf ■^>u{x,y) =(j){x,y), 


where g (x, y) 
estimate 


f {x,u {x,y)) and (p{x,y) need no longer be smooth, but g{x,y) satishes the 
^f {x,0) < g{x,y) <Cf {x,{)), x e R, 


and (j) (x, y) is measurable and admissible - see below for definitions. The method we employ is 
an adaptation of Moser and Bombieri iteration, which splits neatly into local boundedness of weak 
subsolutions and continuity of weak solutions. The infinite degeneracy of C forces our adaptation 
of Moser and Bombieri iteration to use Young functions that fail to be multiplicative, and this 
results in numerous complications to be overcome, which we briefly discuss below in the remainder 
of this overview of the paper. But first we mention as further motivation for this approach, that 
Kusuoka and Strook |KuStr| considered in 1985 the following three dimensional analogue of Fedii’s 
equation, 


52 52 2 

“ dxl ^ dxl ’ 

and showed the surprising result that when / (xi) is smooth and positive away from the origin, the 
smooth linear operator Ci is hypoelliptic if and only if 


lim r In / (r) = 0. 

r—>-0 

Thus we will begin with an abstract approach in higher dimensions, where we assume certain 
Orlicz Sobolev inequalities hold, and then specialize to two and three dimensions where we establish 
geometries that are sufficient to prove the required Orlicz Sobolev inequalities. 

We consider the second order special quasilinear equation (where only u, and not Vu, appears 
nonlinearly), 


(1.3) 


Lu = V^^A{x, u(x))Vu = (j), 


X € n 
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where is a bounded domain in R", and we assume the following structural condition on the 
quasilinear matrix A{x,u{x)), 

(1.4) k A{x)^ < A{x, z)^ < K A{x)^ , 

for a.e. x G and all z £ M, ^ G M". Here fc, K are positive constants and A{x) = B (a;)*^ B (x) 
where B (x) is a Lipschitz continuous n x n real-valued matrix defined for x £ H. We define the 
H-gradient by 

V A = B {x)V , 

and the associated degenerate Sobolev space (fl) to have norm 






Definition 3. Let LI be a bounded domain in 1 
u £ (Li) is a weak solution to Lu = 4> provided 


Assume that (j) £ 


LLm- 


We say that 


— / Vru (x)*^ „4 (x, u(x)) Vu = / (j)w 
Jn Jn 


( 12 \ / 12 \ 12 

J (D), where [Wj^ J (Li) denotes the elosure in (D) of the subspace of 

Lipschitz continuous functions with compact support in D. 


Note that our structural condition implies that the integral on the left above is absolutely 
convergent, and our assumption that (p £ L^^^ (Li) implies that the integral on the right above is 
absolutely convergent. 

Weak sub and super solutions are defined by replacing = with > and < respectively in the 
display above. In particular note that if m is a weak sub respectively super solution to Lu = (p, 
then so is u'*' = max {m, 0} respectively u~ = min {m, 0}. 

We will consider separately 

• local boundedness and maximum principle for weak subsolutions, and 

• continuity of weak solutions. 

More precisely, we will first obtain abstract local boundedness results and maximum principles in 
which we assume appropriate Poincare and Orlicz-Sobolev inequalities hold. Then we will apply our 
study of degenerate geometries to prove that these Poincare and Orlicz-Sobolev inequalities hold 
in specific situations, thereby obtaining our geometric local boundedness results and maximum 
principles in which we only assume information on the size of the degenerate geometries. The 
techniques used for local boundedness of weak subsolutions and maximum principles are very similar 
and so are considered together at one time. On the other hand, the techniques required for obtaining 
continuity of weak solutions are more complicated, and thus we consider abstract and geometric 
theorems for continuity later on. 


1. Moser iteration, local boundedness and maximum principle for subsolutions 

Let O be a bounded domain in R". There is a quadruple („4, d, (/?, $) of objects of interest in 
our abstract local boundedness theorem in D, namely 

(1) the matrix A = A(x, z) associated with our equation and the H-gradient, 

(2) a metric d giving rise to the balls B (x, r) that appear in our Sobolev inequality, and also 

in our sequence of accumulating Lipschitz functions. 
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(3) a positive function Lp (r) for r S (0, R) that appears in place of the radius r in our Sobolev 
inequality, and 

(4) a Young function $ appearing in our Sobolev inequality. 

We will assume two connections between these objects, namely 

• the existence of an appropriate sequence of accumulating Lipschitz functions that 

connects two of the objects of interest A and d, and 

• a Sobolev Orlicz bump inequality, 

[ $(w) < 4>(C'v3(r(B))||VAUi||^i), suppw C S, 

Jb 

that connects all four objects of interest d, ip and $. 


Remark 4. To see what the Sobolev Orlicz bump inequality looks like in a special case, suppose 
the metric d arises from the metric tensor 

dt^ = dx^ H- ^-^dy'^ 

f{xf 


for a function f (x) = e > 0 on (0, R) satisfying the structure conditions in Definition [T^ 

below, and suppose that the Young function <f> = is given by mM) below. Then we will take 


ip{r) 


1 

\F^f 



and refer to the function ip (r) = ipp „, (r) as the superradius associated with this metric d and 
We will show below that the Sobolev Orlicz bump inequality holds in this setting provided the 
superradius (’’) is nondecreasing for r > 0 small. 


We now describe these matters in more detail. 


Definition 5 (Standard sequence of accumulating Lipschitz functions). Let Lt be a bounded 
domain in M". Fix r > 0 and x € fl. We define an (.4, d)-standard sequence of Lipschitz cutoff 
functions at {x,r), along with sets B{x,rj) D supp'0^-, to be a sequence satisfying = Ion 

B{x,rjpi), r\ = r, Too = limj_>oo = i, rj — rj+i = -pr for a uniquely determined constant c, 
and ^ ^ with Va as in M.10\) (see e.g. [SaWh4) j. 

We will need to assume the following single scale ($, (/3)-Sobolev Orlicz bump inequality: 

Definition 6. Let LI be a bounded domain in M". Fix x G 0 and p > 0. Then the single scale 
{^,p)-Sobolev Orlicz bump inequality at {x,p) is: 

(1.5) ’ w G Lipo{B {x,p)), 
where dp,, ^ (y) = ■|B(^ls(:..p) (y) dy. 

A particular family of Orlicz bump functions that is crucial for our theorem is the family 

(1.6) (t) = , t> Em = e^"', m> I, 

which is then extended in (j7.19ll below to be linear on the interval [0, Em] and submultiplicative on 
[0,oo), and which we discuss in more detail in Subsection 19.1. 












1. MOSER ITERATION, LOCAL BOUNDEDNESS AND MAXIMUM PRINCIPLE FOR SUBSOLUTIONS 


7 


Definition 7. Let LI be a bounded domain in R". Fix x G LI and p > 0. We say (j) is 
A-admissible at {x, p) if 

Sb{x,p) dy 


\X(B(x,p)) = 


sup ^ 

{'^a^)o<^b{x,p)) Jb(x,p) dy 


< oo. 


Finally we recall that a measurable function n in 17 is locally bounded above at a; if u can 
be modified on a set of measure zero so that the modified function u is bounded above in some 
neighbourhood of x. 


Theorem 8 (abstract local boundedness). Let LI he a bounded domain in M". Suppose that 
A{x, z) is a nonnegative semidefinite matrix in LI x M. that satisfies the structural condition O- 
Let d{x,y) be a symmetric metric in LI, and suppose that B{x,r) = {y G LI : d{x,y) < r} with 
X G LI are the corresponding metric balls. Fix x G LI. Then every weak subsolution of SI., A) is 
locally bounded above at x provided there is ro > 0 such that: 

(1) the function (j) is A-admissible at (ai,ro), 

(2) the single scale ip)-Sobolev Orlicz bump inequality S1.5\) holds at (x,ro) with $ = 
for some m > 2, 

(3) there exists an (yl, d)-standard accumulating sequence of Lips chit z cutoff functions at 
{x,ro). 


Remark 9. The hypotheses required for local boundedness of weak solutions to Lu = at a 
single fixed point x in Ll are quite weak; namely we only need that the inhomogeneous term (j) is A- 
admissible at just one point {x,ro) for some ro > 0, and that there are two single scale conditions 
relating the geometry to the equation at the one point (x,ro). 


Remark 10. We could of course take the metric d to be the Carnot-Caratheodory metric 
associated with A, but the present formulation allows for additional flexibility in the choice of balls 
used for Moser iteration. 

In the special case that a weak subsolution u to m is nonpositive on the boundary of a 
ball B (x,ro), we can obtain a global boundedness inequality ^ \\4>\\x(B{x,ro)) from 

the arguments used for Theorem [8l simply by noting that integration by parts no longer requires 
premultiplication by a Lipschitz cutoff function. Moreover, the ensuing arguments work just as well 
for an arbitrary bounded open set 17 in place of the ball B (a;,ro), provided only that we assume 
our Sobolev inequality for 17 instead of for the ball B {x, tq). Of course there is no role played here 
by a superradius p. This type of result is usually referred to as a maximum principle, and we now 
formulate our theorem precisely. 


Definition 11. Fix a bounded domain 17 C K”. Then the ^-Sobolev Orlicz bump inequality 
for 17 is: 

(1.7) $(-1) ^ $ [w) dx^ < C II , w G Lipo (17), 

where dx is Lebesgue measure in M”. 


Definition 12. Fix a bounded domain Ll C K". We say is T-admissible for 17 if 

In 


ll</'llx(n) = sup ^ 

j;e(iu^’^)i,(n) Jo II^-4 t|| dy 


< oo. 
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We say a function u € (il) is bounded by a constant £ € K on the boundary dfl if {u — = 

max{M —0 }g (Q). We define sup 2 ,g 9 Q u (x) to be inf G R : (m — S (^)|- 

Theorem 13 (abstract maximum principle). Let LI be a bounded domain in R". Suppose that 
A{x, z) is a nonnegative semidefinite matrix m fl x R that satisfies the structural condition O- 
Let u be a nonnegative subsolution of L9.SI) . Then the following maximum principle holds, 

esssupu(a;)< sup u (a;) + C ||(()||j^/q., , 

where the constant C depends only on LI, provided that: 

(1) the function is A-admissible for Ll, 

(2) the ^-Sobolev Orlicz bump inequality 7|) for Ll holds with $ = for some m > 2. 


In order to obtain a geometric local boundedness theorem, as well as a geometric maximum 
principle, we will take the metric d in Theorem [5] to be the Carnot-Caratheodory metric associated 
with the vector field V^, and we will replace the hypotheses (2) and (3) in Theorem |8] with a 
geometric description of appropriate balls. For this we need to introduce a family of infinitely 
degenerate geometries that are simple enough that we can compute the balls, prove the required 
Sobolev Orlicz bump inequality, and define an appropriate accumulating sequence of Lipschitz cutoff 
functions. We will work initially in the plane and consider linear operators of the form 

Lu {x, y) = {{x, y ), u {x, y)) Vu (x, y ), (x, y) G Ll, 


where C R^ is a planar domain, and where the 2x2 matrix A{{x,y),z) is comparable to 


A{x) 


1 0 
0 f{xf 


i.e. A{{x,y) ,z) has bounded measurable coefficients satisfying 


(1-8) ^ + / {xf A{fx,y) ,z)(^ ^ ^ <C + / {xf , (x, j/) G O, x G R, 

and where / (x) = is even and there is i? > 0 such that F satisfies five structure conditions 

for some constants C > 1 and £ > 0: 


Definition 14 (structure conditions). 

(1) lim,^^o+ F (a;) = +oo; 

(2) F' (x) < 0 and F" (x) > 0 for all x G (0, R); 

(3) A |F'(r)| < |F'(x)| < C|F'(r)| for ^r < x < 2r < R; 

(4) is increasing in the interval (0,i?) and satisfies \ for x G (0, i?); 

(5) 37 ^ ~ y /or X G (0,i?). 

Remark 15. We make no smoothness assumption on f other than the existence of the second 
derivative f” on the open interval (0,i?). Note also that at one extreme, f can be of finite type, 
namely f (x) = x“ for any a > 0, and at the other extreme, f can be of strongly degenerate type, 
namely f (x) = e~^ for any a > 0. Assumption (1) rules out the elliptic case f (0) > 0. 

In the next two theorems we will consider the geometry of balls defined by 
Fk,a (r) = ^In ; 
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where k G N and ct > 0. Note that fk,a vanishes to infinite order at r = 0, and that fk,cr vanishes 
to a faster order than fk',a-' if either k < k' ot ii k = k' and a > a'. 


Theorem 16 (geometric local boundedness). Let 17 C and A{x,z) be a nonnegative semi- 
definite matrix m 17 x R that satisfies the structural condition o, and assume in addition that 

1-!^\2 where f = fkcr- Then every weak subsolution of U.3\) is locally bounded 
_ 0 /(x) J 

above in 17 C provided that: 


(1) (j) is A-admissible at ((0,y) ,ry) for every y and some ry depending on y, and 

(2) at least one of the following two conditions hold: 

(a) k > 1 and 0 < a < 1, 

(b) k >2 and cr > 0. 


Theorem 17 (geometric maximum principle). Let 17 C and A(x, z) be a nonnegative semi- 
definite matrix in 17 x K that satisfies the structural condition |7.^[ ), and assume in addition that 

where f = fk,a- Let u be a subsolution of i9.‘Al . Then we have the maximum 


A{x) = 
principle, 


0 fix) 


esssupu(a:)< sup u (x) + C ||(/)||jj./qn , 


provided that: 

(1) (j) is A-admissible for 17, and 

(2) at least one of the following two conditions hold: 

(a) A: > 1 and 0 < cr < 1, 

(b) k >2 and cr > 0. 


In Part 9 of the paper, we extend this result to hold in three dimensions, where we replace 

1 0 " 

2 


the inverse metric tensor in the plane 
dimensional matrix 


A{x) = 

and consider instead the operator 


0 fixi) 

0 
0 


1 0 
0 1 
0 0 /(xi)' 


/ (s) = e with the analogous three 


/(s) = e 




Liu (x, y) = V^'^A {x, u (a;)) Vn {x ), a: G 17, 


where 17 C and the 3x3 matrix A {x, z) is comparable to A (x) above. Thus A{{x, y ), z) has 

bounded measurable coefficients satisfying 

(1.9) 

^ (Ci < (CDC 2 >C 3 )-^(a;, 2 ;) f ^2 j < C' (c? + ?2 + f ixi)^ ft) , {x,y) G 17,2; G 


Theorem 18. Let 17 C Suppose that u is a weak subsolution to the infinitely degenerate 
equation 


Liu = V*‘'^AVu = (p in Ll, 
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where the matrix A {x, z) satisfies im, and where the degeneracy function f in is comparable 
to fk,(T- Then u is both locally bounded above m 17 C and satisfies the maximum principle, 

esssupu(a;) < sup u (x) + C ||(^|| , 

provided that: 

(1) (j) is A-admissible for 17, and 

(2) at least one of the following two conditions hold: 

(a) k > 1 and 0 < a < 1, 

(b) k > 2 and cr > 0. 

1.1. Methods and techniques of proof. We restrict attention to the plane here for purposes 

of exposition. Since the quadratic form A is equal to a sum of squares of two Lipschitz vector 

12 12 

fields ^,/(x) the two standard notions of Sobolev space coincide, i.e. = Hj^ (see e.g. 

|FrSeSe| . |GaNh| and |SaW30 . Thus the classical nondegenerate Sobolev space is dense in 
and we see that a classical IT^’^-weak solution is also a W^’^-weak solution, thus granting 
the IT^’^-weak solution the status as most general weak solution. Moreover, gradients in are 
unique and the usual calculus of gradients is at our disposal (see e.g. [SaW.Sj i. Finally, we note that 
if u is a weak solution of £u = V^^AVu = 0, then the classical Cacciopoli inequality, involving only 
integration by parts, shows that the norm of the degenerate form y^VTT^M^^xTyyTuTxTyyyVu 
is controlled by the norm of the solution u. On the other hand, the inhomogeneous Sobolev 
Orlicz bump inequality for Lipscitz functions w, and the degenerate vector field 

(OO, 

requires special properties of the degeneracy function /. It is the equivalence of the norms of the 
degenerate form and the degenerate gradient, which is implied by m, that permits the iteration 
of Moser. 

Recall now that the method of Moser iteration plays off a Sobolev inequality, that holds for all 
functions, against a Cacciopoli inequality, that holds only for subsolutions or supersolutions of the 
linear equation. First, from results of Korobenko, Maldonado and Rios in [KoMaRij . it is known 
that if there exists a Sobolev bump inequality of the form 

III^A'*^lllLP(/i3) ) U & Lipcompact {B) , 

for some pair of exponents 1 < p < q < oo, and where the balls B are the Carnot-Caratheodory 
control balls for the degenerate vector field with radius r{B), and dfj,^ {x,y) = 

is normalized Lebesgue measure on B, then Lebesgue measure must be doubling on control 
balls, and so / cannot vanish to infinite order. Thus we must search for a weaker Sobolev bump 
inequality, and the natural setting for this is an inhomogeneous Sobolev Orlicz bump inequality 

(1.11) $ (|u|) dpB^ < C(p (r (B)) II V^ull , U G LzPcompact (B ), 

where the function <1> (t) is increasing to oo and convex on (0, oo), but asymptotically closer to the 
identity t than any power function , a > 0. The ‘superradius’ ip (r) here is nondecreasing and 
(p (r) > r, and we show in Lemma [1021 below that in certain cases where $ (t) is closer to t on (0,1) 
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than is any power and where (0) = 0, then linir_>o = oo. Note that an inequality 

such as (11.111) implies an version, 

(X ^ ^ ^ i*Pcompact (B) , 

which can then be used with Cacciopoli’s inequality (see below) to control weak solutions. The left 
hand side above is not in general homogeneous in u, but this plays no role in the subsequent Moser 
iterations below, and in any event can be accounted for by rescaling u. Such a Sobolev inequality 
with a $-bump loses an entire degenerate derivative, but gains back a small amount <i> in integra- 
bility. We also point out that it will be important that $ is sub (respectively super) multiplicative 
in the regions where t is large (respectively small), which necessitates choosing different ‘formulas’ 
for $ in these two regions. 

The other ingredient in Moser iteration is Caccipoli’s inequality that gains back the degenerate 
derivative, but only for subsolutions or supersolutions u of the equation Cu = (j): 


( 1 . 12 ) [ ^l\\yAuf<C [ 

J B J B 

where tpg is a smooth cutoff function adapted to the ball B, and where (j) is A-admissible, i.e. 
< 00 (see Definition [3 above). Note again that the equivalence 


du , . 

2 

. V 9 

du 


+ /(a;) 



\\VAu{x,y)\\^ K, Vu A{{x,y) ,u{x,y))Vu {x,y) 


permits us to use Cacciopoli’s inequality in conjunction with the Sobolev Orlicz bump inequality. 

More precisely, in order to combine the Sobolev and Cacciopoli inequalities to provide an 
integrability gain for subsolutions that can be iterated, it suffices in some cases to assume that 

u > ll^llx 

• $ is submultiplicative for t large, and 

• o is a subsolution of Lu = (p whenever m is a subsolution and n > 0. 

Then we obtain a sequence of inequalities of the form 


(1.13) 


$(-i) 


-/ 

'Tn JB(0,rn+i) 


$ 


(\fn {u)f) dp. 



B{0,rn) 


\fn{u)\ dp^ 


where the balls B (0,r„) shrink to a ball B (0,roo) with Too > 0, whenever /„ {u) is a subsolution 
of Cu = (j>. Now we assume that the function $ (t) and the subsolution u satisfy the following two 
key inequalities: 


(1.14) 


lim inf 

n—^oo 


$(") 




)’ 


and 

(a‘"’ (ll”ll.-(...)))sc(ll«||„„.,^,) 

where is derived from iteration of $ and the constants in (11.131) . With these two key properties 
in hand we derive the Inner Ball inequality 


(1.15) 


lim inf 

n—^co 






(1.16) 
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which says that if u is a weak subsolution of Cu = (/> on a ball Bq, then u is a bounded function on 
a smaller ball B^o concentric with B. There is also a global version with both Boo and Bq replaced 
by a single open set when in addition u vanishes in the weak sense on dfl: 


It turns out that the first key property (11.141) is satisfied by essentially all of the Orlicz bump 
functions we consider, and so it is the second key property (11.151) that is decisive for the Inner 
Ball inequality (11.161) and its global counterpart (11.171) . More precisely, when $ is the Orlicz bump 
function introduced in (11.61) above, the first key property (11.141) is satisfied for all m > 1, but 
the second key inequality (11.151) is only satisfied for m > 2. In fact, even if we take unreasonably 
small constants in the definition of the left hand side of (11.151) is infinite when m = 2, as is 
shown in Remark |46] below. This presents an obstacle to the use of Moser iteration in the absence 
of a Sobolev Orlicz inequality with bump function for some m > 2, and ultimately accounts 
for the restriction to fc = 1 and ct < 1 in the geometric local boundedness and maximum principle 
Theorems 1161 Hi] and [TH On the other hand. Theorem 11151 in Part 9 provides a counterexample 
to the local boundedness assertion in Theorem [18] for the geometries {r) = (y) when tr > 1. 
But for the intermediate geometries - namely for cr > 1 and for a < 1 - the question 
remains open as to whether or not we have local boundedness, or a maximum principle, for weak 
subsolutions. It is not clear at this point whether or not the above obstruction to the Moser method 
is the culprit. There may be counterexamples for (some of) these intermediate geometries, or there 
might be a different approach altogether which proves local boundedness and a maximum principle 
for (some of) these geometries. 

It remains to obtain a sufficient condition for local boundedness that is based solely on the 
function / (x) that measures geometric degeneracy of the equation. Given a nonnegative / that 
vanishes to infinite order at the origin, the result mentioned above in [KoMaBi] shows that the 
function $ (t) must be asymptotically smaller than any power with cr > 0 in order that the 
Sobolev Orlicz bump inequality (11.111) holds. On the other hand, $ (t) must be asymptotically large 
enough that the Inner Ball inequality (11.161) holds for all subsolutions u to the equation Cu = 4>. 
As discussed in the previous paragraph, given the Sobolev Orlicz bump inequality (11.111) relative 
to the degeneracy function /, the Inner Ball inequality (11.161) is then independent of any further 
properties of /, and depends only on $. In fact, it holds ‘roughly speaking’ if and only if 

<1) (t) 

(1.18) lim inf ——j— = oo. 


. 1 +- 


ie. $ (L) is at least as large as ^, which is asymptotically much larger than L log L. A natural 

family of bump functions (t) to consider in regard to (|1.18l) is given by 




IH- 

{t)=t C"*)"* 


^0 


but a significant drawback to this family is that the iterations appearing in (11.141) and (11.151) 
above are extremely difficult to estimate appropriately. An essentially comparable, but far more 
convenient, family of bump functions is the family introduced in (II.6p above, and given by 


(t) 




where In (t) 

For such an Orlicz bump function $ 


In ^rn {t), and the iterations <i>m ^ are trivially given by ^ (t) 


_ [(In t)m+r!,] 


with m > 2, it then turns out that ‘roughly speaking’, the 
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Sobolev Orlicz bump inequality (11.111) holds relative to the degeneracy function /, if and only if 

f 

(1.19) lim inf ——^ = oo. 

Thus we conclude that if / is ‘roughly speaking’ asymptotically greater than as r —^ 0, then 

subsolutions to Cu = 4> are locally bounded. 

An actual counterexample to a local boundedness theorem for the homogeneous equation is 
presented in Part 9 of the paper, where we consider the extension 

. _ 52 ^2 q 2 

of C to three dimensions. This extension is ‘more degenerate’ than C due to the ‘larger vanishing 
set’ of the function f{xi). Kusuoka and Strook |KuStr| have shown that when / (cci) is smooth 
and positive away from the origin, the smooth linear operator Ci is hypoelliptic if and only if 

lim r In / (r) = 0. 

r—>-0 

In part (1) of Theorem 11141 and in Theorem 11151 below, we consider local boundedness of weak 
solutions to rough divergence form operators Li = divAV with quadratic forms A controlled by 
that of £ 1 , and demonstrate that for / k. ^ and (j) admissible: 

• weak solutions u to Liu = (f are locally bounded if 

either k> 2 and cr > 0; or fc = 1 and 0 < cr < 1; 

• there exist unbounded weak solutions u to the homogeneous equation Liu = 0 if 

k = 0 and cr > 1. 

The range of degeneracy parameters for which we obtain unbounded weak solutions to rough 
divergence form opeators Li thus coincides with the range where the smooth operator Ci fails to 
be hypoelliptic. 

Problem 19 (Moser Gap). Are all weak subsolutions to an admissible equation locally bounded 
when 

(1) the equation is Lu = (j) in the plane with geometry for a > 1 or with geometry Pb.o- 
for a > 0? 

(2) the equation is Liu = (f in with geometry for a > 1 or with geometry Fg.o- for 
0 < a < 1? 

2. Bombieri and DeGiorgi iteration and continuity of solutions 

Now we turn to the question of obtaining continuity of weak solutions at a single point x to 
the equation Cu = (j). Let be a bounded domain in K" and recall the quadruple {A, d, (p, <&) of 
objects of interest we introduced above. For continuity of solutions we need to assume stronger 
connections between these objects. For example we will need to assume the three conditions in 
Theorem m but over all scales r satisfying 0 < r < rg, for some rg > 0. We will also need further 
strengthenings, beginning with the concept of ‘doubling increment’ of a ball, and its connection 
with the superradius. 
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Definition 20. Let LI be a bounded domain in K". Let 6x (r) be defined implicitly by 
(1.20) \B{x,r-6{r))\ = ^\B{x,r)\, 

We refer to 6x (r) as the doubling increment of the ball B{x,r). 


Condition 21 (Doubling increment growth condition). Let LI be a bounded domain in R”. Let 
Sx{r) be the doubling increment of B{0,r) defined by U.20\} . and let ip{r) be the superradius as in 
U.lll) . We say that Sx(r) satisfies the doubling increment growth condition if for any e > 0 there 
exists Te > 0 such that 

(1.21) ^In^-^^ <eln^^^l/r, Vr < r^. 


Definition 22 (Nonstandard sequence of accumulating Lipschitz functions). Let Li be a bounded 
domain in M". Let r > 0, x € LI and define an (^, (i)-nonstandard seguence of Lipschitz cutoff 
functions {x,r), along with the sets B{x,rj) D by setting ri = r, 


C+i = C 


and then 


( 1 . 22 ) 


'B, 

B(x, vr) 

Bj+i = supp(V'j+i) 
^ 1 ^ 4-1 


where Sx (r) is defined implicitly by lil.20\) . 


(c)> 


= supp{tp^) C B{x,r), 

C {y : tpjiy) = 1}, j > 1, 
•e {y ■■ ifj{y) = 1}, j > 1, 
<D, j> 1, 

- {1-iz)6x{rj)" ^- 


We will need to assume the previous single scale ($, (^)-Sobolev Orlicz bump inequality for an 
additional particular family, and also a 1-1 Poincare inequality. The additional family of Orlicz 
bump functions that is crucial for our continuity theorem is the family 

= g((lnM)V™ + l)--l„M ^ 

where M is appropriately defined, and then ifm is extended to be affine on the interval [^^, 00 ) 
with slope (ig)- Note that the (1,1) Poincare inequality below holds with the usual radius in 
place of a superradius. 


Definition 23. Let LI be a bounded domain in R". Fix x € LI and p > 0. Then the single scale 
Poincare inequality at (x, p) is: 


(1.23) 


'B{x,p) 



dp^p<Cp . 


Here is the strengthening of the admissibility condition that we need for continuity. 
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Definition 24. Let Q he a bounded domain in R". Let p > 0, x € il. We say </> is Dini 
A-admissible at {x,p) if (p is A-admissible at {x,p), and if in addition, for every 0 < r < 1, 

OO 

\\^\\x{B(y,T^p)) < OC. 

/c=0 


Finally we recall that a measurable function it in is continuous at a: if ii can be modified on 
a set of measure zero so that the modified function u is continuous at the point x. 


Theorem 25 (abstract continuity). Let LI be a bounded domain inMP. Suppose thatA{x,z) is 
a nonnegative semidefinite matrix in LlxM. and satisfies O- Let d(x, y) he a symmetric metric in 
n, and suppose that B{x,r) = {y G LI : d(x,y) < r} with x G LI are the corresponding metric halls. 
Fix X G LI. Then every weak solution of is continuous at x provided there is an increasing 
function (p : (0,1) — >■ (0, oo) with p (r) > r, and a positive number tq > 0 such that: 

(1) the function cp is Dini A-admissible at {x,r) for all 0 < r < rg, 

(2) the p)-Sobolev Orlicz bump inequality \1.5\) holds at {x,r) for all 0 < r < rg, with (a) 
$ = for some m > 2 and also with (b) ^ = 'i’m for some m > 2, 

(3) the 1-1 Poincare inequality hl.23\) holds at {x,r) for all 0 < r < rg, 

(4) there exists a nonstandard accumulating sequence of Lipschitz cutoff functions at (x, r) 
for all 0 < r < rg, 

(5) the doubling increment dx{r) satisfies the doubling increment growth Condition \21\ with 
superradius p (r). 

Our corresponding geometric theorems for continuity in two and three dimensions are these. 


Theorem 26 (geometric continuity). Let C and A{{x, y), z) be a nonnegative semidefinite 


matrix in LI x M. that satisfies o, and assume in addition that A{x) 


1 0 
0 f(xf 


where 


f = fk,(7- Then every weak solution of mM) is continuous in LI provided 

(1) either fc > 4 and cr > 0, or fc = 3 and 0 < ct < 1, 

(2) and p is Dini A-admissible where the balls B {x,r) in Definition \24\ are taken with respect 
to the Carnot-Caratheodory metric d{x,y) associated with A{x). 


Theorem 27. Let n C and A(x, z) be a nonnegative semidefinite matrix in LI x M. that 

1 0 0 


satisfies El, and assume in addition that A{x) = 


0 1 


0 


0 0 fixiY _ 


where f = fk,a-- Then every 


weak solution u to the infinitely degenerate equation 

Liu = V*''^Vit = p inLl G 


is continuous in LI provided (1) either fc > 4 and ct > 0, or /c = 3 and 0 < ct < o^nd (2) 

provided p is Dini A-admissible where the balls B {x,r) in Definition \24\ are taken with respect to 
the Carnot-Caratheodory metric d{x,y) associated with A(x). 


In our arguments below that prove continuity of weak solutions, we will need to establish a 
number of different Inner Ball inequalities, each requiring a different Cacciopoli inequality. In 
particular, the Cacciopoli inequality in Section [31 that is crucial for deriving continuity of weak 
solutions, is necessarily weaker than the standard inequality (11.121) . and poses additional obstacles. 
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2.1. Methods and techniques of proof. Since we may assume that our weak solutions are 
now bounded by taking both / and —/ as in Theorem [T6l above, we need to carefully define our 
bump function $ (t) for t small, rather than for t large as in the derivation of local boundedness of 
weak subsolutions above. 

The basic idea in Bombieri iteration is to perform a sequence of generalized Moser iterations be¬ 
tween consecutive balls B (0, Uj+i) with 0 < Vj < Uj+i ^ 1. The generalized Inner Ball inequalities 
used here are rescalings of a previous Inner Ball inequality and have the form 

(1.24) 11^ ^ C'rS ( 11^ ('*^)IIl2(B,.) > 

where h (u) is a nonlinear function of a weak solution u and h (t) is ‘close’ to either In t or In i. Then 
from an appropriate application of Bombieri’s iteration to these generalized Inner Ball inequalities, 
we obtain a Harnack inequality for positive solutions to Cu = (j) oi the form: 

esssup U(x) -b M\x{B{y,r))) < <^Har (?/, T, u) eSSinf U (x) + \\(l)\\x{Biy,r))) ■ 

Now it turns out that if the Harnack constant Cnar (t) satisfies 

CHar (r) ^cf^lni 

then ~ known clever iteration argument of DeGiorgi yields continuity 

of weak solutions. If however, 

Cnar (r) > C ^In ^Inln , r < 1, 




r <C 1, 


then Ch ^ method fails to yield continuity of weak solutions. 

We show below that for an Orlicz bump function $ satisfying (I1.18|) . and in particular the 
degeneracy function 

/ (?') ~ fk,a {r) = , k>2,a>0, 

the Orlicz bump inequality (II.lip holds and Cnar (n) is finite. However, the Harnack constant 
Cnar (f) depends in a complicated way on /, but it turns out that ‘roughly speaking’ we have 
Cffar (r) < C (In i) (Inin i) provided 

/ (^) ~ fk,(T (r) , for small r > 0, and either for some fc > 4 and tr > 0, 

or for /c = 3 and 0 < ct < 1, 


and then all weak solutions to Cu = (j) are continuous if in addition (j) is Dini H-admissible. 


Comparing this inequality to the rough condition liminfr_>.o 


f{r 




= oo, that is required for 


local boundedness, we see that in order to obtain continuity of weak solutions to Cu = (j), we need 
our degeneracy function / to be much closer to finite type than required for local boundedness of 
subsolutions to Cu = (j), namely two extra iterations of the logarithm in the exponent. 









CHAPTER 2 


The main new ideas and organization of the paper 


There are at least four significant difficulties to be overcome in the infinitely degenerate regime, 
and these arise in establishing the Inner Ball inequality, the Sobolev Orlicz bump inequality, the 
new Cacciopoli inequalities, and the geometric estimates for the infinitely degenerate balls. We first 
describe these difficulties, and indicate how they are overcome, before turning our attention to the 
organization of the paper. 

In order to prove the Inner Ball inequality (11.161) from the Orlicz bump inequality (11.111) and the 
appropriate Cacciopoli inequalities, we must establish (11.151) and (11.141) by a sequence of delicate 
recursive estimates using a special recursive form of $, namely 


where the generator g (s) satisfies 


g' (a;) > 0 and decreasing for x large, 

9 (^) 

lim g [x) = oo and lim -= 0, 

x—¥(yo x—^oo X 


{9(9 Mj) + 1 ) -dln(j) < 00 for some N. 

j=N 

Such representations of a given $ are not unique, and for the examples of $ that are close to the 
boundary of condition (I1.18L suitable representations can be easily guessed. 

In order to prove the Sobolev Orlicz bump inequality (11.111) for a given quadruple {A, d, tp, $), 
we begin by establishing a subrepresentation inequality of the form 


w{x)<C \VAw{y)\KB{o,r)ix,y)dy, x € B { 0 ,r), 

J r(ai,r) 

where the kernel is given by 




d{x,y) 

\B {x,dix,y))\' 


and where d{x,y) is the control metric associated with A(a;), B {x,r) is the associated ball and 
\B (a:,r)| is its Lebesgue measure. The set T (x,r) is a degnerate ‘cusp’ centered at x. The novel 
feature here is that d (x, y) is in general much smaller than the distance d (x, y) when the metric 
A (x) is infinitely degenerate, in fact it is given by 


d (X,„) S min Id(*,ri. } . 

where F = — In / is as above. Then straightforward arguments, but complicated by the necessity of 
using the superradius p, are used to calculate the Sobolev Orlicz bump inequality (11.111) . We also 
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give an example of a degenerate geometry f (r) = e ^ for which the ‘classical’ subrepresentation 
inequality with kernel jB(x^d(x'^y))l associated with this geometry fails to satisfy the (1, l)-Poincare 

estimate, while our subrepresentation inequality with kernel easily recovers the (1,1)- 

Poincare estimate. 

In order to obtain the appropriate Cacciopoli inequalities (I1.12L we apply integrations by 
part as usual to iterations of a nonlinear convex function h (convexity is needed for Jensen’s 
inequality) composed with a weak solution u, or sometimes with a small positive power u® of u. In 
the classical subelliptic case, we can take h (t) = for some cr > 1 determined by the subelliptic 
Sobolev embedding, and then for each n > 1, the function ^ is either strictly convex 

on (0, oo), or it is strictly concave on (0,oo). In either situation a Cacciopoli inequality can be 
obtained for weak (sub/super respectively) solutions. However, if h{t) is instead taken to be a 
convex Young function $ (f) for which a degenerate Sobolev embedding holds, then it is no longer 
necessarily the case that for a given n > 1, the function (t®) = Ilf) is either convex on 
(0, oo) or concave on (0, oo) - instead its second derivative may change sign ‘uncontrollably’ often. 
This causes great difficulty in obtaining the weak Harnack inequality for small values of u, and 
requires further new ideas - see Section [3] below. 

Finally, to prove the geometric properties needed for the control balls associated with the 
degeneracy function /, we use calculus of variation arguments to determine the geodesics, their 
arc lengths, and the areas of the control balls. These estimates are then used to derive the above 
subrepresentation formula. It might be useful for the reader to keep in mind the following scale of 
degenerate geometries parameterized by the function F = In/: 

Da (t) = j , CT > 0, 

Fk,a (r) = ^In 

HNir) = N\n-, N> 0 , 

r 

that satisfy 

Hni (r) < (r) < (r) < Fk^,a 2 (^) ^ {r) < (r) < (r) < 

provided < N 2 and fci > ^2 and ui < cr 2 - Thus the smallest geometry Hq (r) = 0 corresponds 
to the elliptic Euclidean geometry, (r) corresponds to the finite type JV geometries, F^^a (r) 
corresponds to a near finite type geometry that drifts further from finite type as k decreases and a 
increases, and Da (r) corresponds to a very degenerate geometry whose degeneracy increases with 
a. Note that if we formally set fc = 0 in the definition of Fk^a we obtain 

^ 0 ,<y (r) = ^In = ^In Da (r) Ri Da (r) . 

Finally, we note that for the derivation of continuity, a complication arises in that we need to 
define $ (t) for t small, with the consequence that $ must now be supermultiplicative rather than 
sulimultiplicative - see Lemma [M] below and the discussion thereafter. This limits the type of 
arguments at our disposal. 


k > 1, a > 0, 


1 . Organization of the paper 

The remainder of the paper is organized into nine more parts. 






1. ORGANIZATION OF THE PAPER 


19 


Part 2 is dedicated to the abstract parts of the theory, those that assume appropriate Sobolev 
and Poincare inequalities hold, and then deduce properties of solutions. In Chapter 3 we prove 
Cacciopoli inequalities for solutions u, both for convex bumps (u^), n G N, when u is large 
and /? < 0 or /3 > 1, and for convex and concave bumps (m), fc G Z, when u is small. Chpater 4 
is dedicated to the local boundedness and maximum principle for weak subsolutions, and the proofs 
of Theorems [8] and ll3l In Chapter 5 we consider Harnack inequalities and determine their constants 
in terms of Orlicz Sobolev inequalities in Theorem l51l This is then used to obtain continuity of weak 
solutions for the geometries / in Theorem 1261 Theorem [T] in the introduction is then a corollary of 
Theorem 1261 and the main result in [RSaW^ . which we now reproduce here. 


Theorem 28 (Rios, Sawyer and Wheeden). Let Ll be a strictly convex domain in K" containing 
the origin. Let fc* {x, z), i = 2,... ,n, be smooth nonnegative functions in Ll xM. such that 


{x, z) > 0 if Xj ^ 0 for some j ^ i 

(this means that fc® {x,z) may vanish only for those {x,z) so that x lies on the i*^ -coordinate axis), 
and such that 




= o {k* {x, z)) as 0 —)> 0, 


for all {x, 2 ;) G n X R, 


where k* = minj= 2 ,...,n Then, for any continuous function ip on dLl, there exists a unique 
continuous strong solution w to the Dirichlet problem 

I =0 inn, 

( w = ip on dn, 

i.e., there exists a unique w that is both a strong solution of the differential equation in 12 and 
eontinuous in LI with boundary values p. Moreover, this solution w G (Lt) f^C°° (12). 


Indeed, with £quasiM = + f {x,u (x))^ Theorem[Tl we take n = 2 and ((xi, X 2 ), z) 

f {xi,z)^ in Theorem [551 The continuity of the weak solution w that is needed in Theorem 1551 is 
guaranteed by the conclusion of Theorem [551 

Part 3 is concerned with geometry and its implications for the abstract theory in Part 2. In 
Chapter 6 we investigate the geometry of control balls in the plane R^ associated with /, and in 
particular compute the length of geodesics and the areas of balls. Then in Chapter 7 we use these 
geometric estimates to derive a sharp subrepresentation formula in the plane for functions in terms 
of the degenerate gradient, which is then used to prove a (1,1)-Poincare inequality and the Sobolev 
Orlicz bump inequalities for triples (/, p, $) where $ is near optimal and where / essentially satisfies 
(ll.igp . It turns out that the situations where the function values are large or small are handled 
quite differently. Finally in Chapter 8 we derive the geometric versions of our local boundedness, 
maximum principle, and continuity theorems in the plane. 

Part 4 is devoted to sharpness considerations. In Chapter 9 we discuss the inhomogeneous 
equation Cu = </) in more detail, and show that admissibility of (j) is essentially necessary for the 
local boundedness and maximum principle for weak subsolutions u to Cu = (f. Then in Chapter 10 
we discuss an extension of our results to divergence form operators Li whose quadratic forms are 
comparable to that of 

2 52 


92 92 
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and as mentioned earlier, we can here obtain an actual counterexample to the local boundedness 
theorem for solutions to the homogeneous equation. Namely, if / (r) < Ce~^ for 0 < r < i?, 
then we show that there exist unbounded bb^’^-weak solutions u to Ciu = 0. Note that this very 
degenerate geometry lies in the scale (r), which is essentially the scale (p) = (in y) (y)"^- 
In the Appendix in Part 5 we collect three results tangential to the developments above. We 
show that our hypoellipticity result in Theorem [T] does not extend to equations with a stronger 
nonlinearity, such as the Monge-Ampere equation, even with an arbitrary infinite degeneracy. This, 
despite the close connection between the two dimensional Monge-Ampere equation and quasilinear 
equations that is exhibited by the partial Legendre transform. Then we show that generic Young 
functions have a recursive form that permits easy calculation of their iterates. Finally, we compute 
the Fedii operator C in metric polar coordinates and show that there are no nonconstant radial 
functions u such that Cu is radial, unlike in the elliptic case where radial solutions u (r) need only 
satisfy u" (r) -|- (r) = 0. 


Part 2 

Abstract theory in higher dimensions 



In this second part of the paper we prove local boundedness and maximum principles for weak 
subsolutions, and continuity for weak solutions, under the assumption that certain degenerate Orlicz 
Sobolev and Poincare inequalities hold. This abstract theory holds in the greater generality of n- 
dimensional Euclidean space K.". In the first chapter here we prove Cacciopoli inequalities, and 
then in the next two chapters we use these inequalities, together with some assumed Sobolev and 
Poincare inequalities, to treat local boundedness, the maximum principle and continuity of weak 
solutions. 



CHAPTER 3 


Cacciopoli inequalities for weak sub and super solutions u 


Here in this chapter we introduce the notion of weak sub and super solutions and establish 
various Cacciopoli inequalities. Recall the definition of a classical weak (sub, super) solution. 

( solution 
subsolution 
supersolution 

(3.1) Cu = (j) 

in n, where (j) € (fl), if 

(j)W, 

for all nonnegative w G (^^)- 

In the case of a weak solution, we may equivalently test (13.211 over all w G (fl). Note 

that the integrals in (13.2|) converge absolutely since u G (fl) and w G (fl) C L'^ (H). 

In order to prove a Cacciopoli inequality, we assume that the inhomogeneous term (j) in (j3.1|l is 
admissible for A in the sense of Definition [3 but applied globally as in the following variant. 


(3.2) 


- J (Vw)*'' AVu 




Definition 30. We say (f> is A-admissible in an open set D if for every y G Q there exists 
i?o = Ro {y) such that 


\\4>\\x{B{y,Ro)) 


lB{y,Ro) 

sup — 

JB{y,Ro) 


< oo. 


We say (f> is Dini A-admissible in an open set H if in addition, for every y G it and 0 < r < 1 there 
exists i?o = Ro {y, t) such that 

OO 

ii'^iix(B(j/.T'=fio)) < 

fc =0 


We will need to assume that (j) is A-admissible in order to derive local boundness of weak 
subsolutions, and we will need to assume that (j) is Dini A-admissible in order to derive continuity 
of weak solutions by applying De Giori iteration. Dini A-admissible functions (j) arise naturally 
in Orlicz spaces where $ is the conjugate Young function to $ - see Section [3] below for the 
definition of a conjugate Young function. 
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3. CACCIOPOLI INEQUALITIES FOR WEAK SUB AND SUPER SOLUTIONS u 


Lemma 31. A function (f) is Dini A-admissihle if there is a hump function $* such that the 
Sobolev inequality holds for the control geometry associated with A, and such that (j) G where 
$* is the conjugate Young function to $*. 

Proof. We have ||(/>||x(B(y.Ro)) - 

/ \V(I)\ dx< \\v\\L'^-^B{v,Ro))U\\L^^(B(y,Ro)) ^ C'l (2/’^o)) i?o|| ||0||^5^ 

JBiy.Ro) 

where Ci (Jl) is the norm of the $* - Sobolev inequality on B {y, Rq). Moreover, 

OO OO 

k^O 

OO 

- (B(y,Ro)) ^ 

k=0 


Note that the larger the bump function $ we can take in the Sobolev inequality, the larger 
the space L* we can take for (j). Here we emphasize that the Orlicz bump function $* that bears 
witness to the admissibility of (j) need not coincide with the bump function $. For the purpose of 
establishing a sharpness result later, we also define a stronger notion of admissibility. 

Definition 32. We say (f is strongly H-admissible in an open set H if there is a bump function 
$* such that the Sobolev inequality holds for the control geometry associated with A, and such that 
(j) G where <i>* is the conjugate Young function to $*. 

We will need Caccipoli inequalities in three different situations, namely for large subsolutions 
u that arise in local boundedness, for small solutions u that arise in Bombieri inequalities for as 
P Z' 0, and for small solutions u that arise in Bombieri inequalities for (y) as N ^ oo. We 

now establish these inequalities in the next three sections. 


1. Sub solutions of the form F^"^ (u) with sub solution u > M 

We begin by first establishing a reverse Sobolev inequality of Cacciopoli type for weak (sub, 
super) solutions u to Cu = </> where £ = V*“^Al (x) V and A (x) is a bounded positive semidefinite 
matrix. Now let u G (B) and u = h o u, where h is increasing and piecewise continuously 

differentiable on [0,oo). Then u formally satisfies the equation 

Cu = {hou)= V^^Ah' (u) Vu = h' {u) Cu + h” (u) (Vn)“' AVu, 

and if M is a positive subsolution of (ED in B, we have 


(3.3) 


— J {VwY’^ AVu = J wCu = J wh'(u) Cu + J w/i" (m) ||V^it||^ 
> J wh'{u)(j) + J wh” (u) \\VAuW"^ , 


provided wh' (u) is nonnegative and in the space {w]fj (B), which will be the case if in addition 
h' is bounded. 


1. SUB SOLUTIONS OF THE FORM r(") (u) WITH SUB SOLUTION u> M 
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Note: We start with a weaker version of reverse Sobolev inequality, which we will apply 
with u = w+ ||</>||jv(B(o,r)) where w is a nonnegative subsolution to Cw = ^ in B(0,r). 

Lemma 33. Assume that u is a weak subsolution to Cu = (f> in 5(0, r) and that 

inf u(a;) > ||(;i||x(B(o.r)) G (0,oo). 

xGB{0,r) 

Let h{t) be a piecewise continuously differentiable function that satisfies the following conditions 
when t > infs(-Q u: 

(I) A(t) = is positive; 

(II) A(t) = h{t)h''(t) + h'(t)‘^ fv h'{tY, so that in particular, we can assume A{t) > Cih'{ty 
where Ci < \ is a constant; 

(III) The derivative h'{t) satisfies the inequality 0 < h'{t) < (72^^, where C 2 > i is a constant; 


Then the following reverse Sobolev inequality holds for any tp G CQ’^(B(0,r)): 


(3.4) 


01 /^2 

'tp'^ \\VA[h{u)]\f dx < ^ 


lB{0,r 


[h{u)]^ (IVaV'I^ + ■ 


hN (t) = 


>B{0,r) C'l 

Proof. Let us first prove the lemma with an apriori assumption that h'{t) is bounded. This 
assumption can be dropped by the following limiting argument. Using standard truncations as in 
|SaWh4| . we define foi N > E, 

h{t) if E <t < N 

h (N) + h' [N) (t-N) if t>N 

Observing that the function hN still satisfies the admissible conditions (I), (II), (III) in the lemma 
with the same constants Ci and C 2 , we can obtain a reverse Sobolev inequality similar to (13.41) if 
we substitute h by hN- Now the monotone converge theorem applies to obtain dH. 

Let i/i G CQ’^(B(0,r)) and take w = 4>^h{u). By the assumption that h'{u) is positive and 
bounded, we have that wh'{u) = tp'^h{u)h'{u) is nonnegative and in the space (5(0,r)). 

As a result, from the integral inequality (I3A1) we obtain 

(3.5) J Ah {u) A'fp'^h (u)') + j ^p'^h{u)h''{u)\\A/ au\^ < — j wh'(u) (p. 

The left side of (j3.5p equals 

(3.6) J tp'^h'(u)'^ {VAU,yAu) + 2 j iph{u)h' fu) au,A/A' f) A- J tp"^h (u) h” {u) \\\7 au\\^ 

= J i/>^A(m) ||Vam||^ + 2 J fipV Ah{u) ,h{u)V Afi), 

where A (t) = h' (t)^ + h {t) h” (t) = \h {ff . Combining p.5l) and p.6l) we obtain 

J i/)^A (u) ||Vau||^ + 2 J {ipV Ah{u) ,h{u)V A'f) < — j tp^h{u)h' iu) (p 

For 0 < e < I, we can estimate the last term on the left side above by 

< e y ftps/Ah (u), \pyAh [u)) + e~^ J {h (u) Va^P, h (u) VAip) 


{ipVAh{u) ,h{u) VAi^) 


= tp'^r (uf Au\f + e ^ j (u)^ IIVaV'II^ ■ 
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3. CACCIOPOLI INEQUALITIES FOR WEAK SUB AND SUPER SOLUTIONS u 


Since A(i) is positive, we have 

(3.7) y ||A (u)| - eh' (w)^| || Vyiu|l^ < J h {uf ||V^i/>||^ + J \'>p'^h{u)h' (u) (j)\ 

We can find an upper bound of the right hand by 

[ h {u) h'(u) (j)\ < C 2 [ <— ^ ^ 

J Jb(o.t) u n 


(3.8) 


Ip h (u) (p 


< C 2 


lB(0,r) 


Va 


infB( 0 ,r) U JB(0,r) 

(V'^h(u)")|| <C2j {\yA^^\hiuf+ ^P^2h{u)\VAhiu)\'j 


< 


C 2 J (|Vai/'|Vi/i') h{uf + C 2 J i/i' (^yh(n)Vei|VAh(u)|- 


Combining this with (13.7p and remembering that we are actually supposing h = Hm so that all 
integrals are finite, we obtain 

(3.9) y ||A (m)| - (e + C' 2 ei)h'(u)^! |Vaw|^ < + (172 + J h (u)^ • 

According to condition (II) for h, we obtain that |A (m)| — {e + C 2 ei)h' (m)^ > {Ci — e — (72£i)|h'^. 
As a result, we have 

IIVa [h(u)]||^ dec < (7(£,ei) [ [h{u)f {\VaM"^ + ip'^) ■ 

J B(O.r) 


JB{Q,r) 

Here the constant C is given by 


(7(£,£i) = 


£ + C 2 + Cl^i 


-1 


Cl — £ — C2ei 

Finally we can take e = Ci/3, £1 = C 1 I 3 C 2 and finish the proof. | 

Now we consider the specific family of examples that arise in our proof. Although there will be 
technical difficulties to be overcome, we wish to apply inequality (13.41) with 

h(t) = r(^) (t) = r^or^o...r^(t), 

where the function Tm{t) = 1 /$m(t^) for m > 1. When t > , we have the explicit formula 

1 / 1 \ Tn 

(t) = (^2) =g2((21nt)-+l) 

A basic induction gives the formula h{t) = g 2 +’i) ^ ^ ^ 2 ”* Therefore we have 

2 
t 


( 7H / 1 \ TTI— 1 1 

h'{t) = +nj -(2 Ini) 

= h (t) I ^(2 Int)"^ + (21nt)“ ”* = h (t) | ^1 + n (21nt)~'"^ 


_ j_\ 1 

1 
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2. SUB SOLUTIONS OF THE FORM -^ < ;S < 0, WITH SOLUTION u> M 

Thus we can choose the constant C 2 = (I + n/2)"*“^. In addition 


h"{t) = 


dt 


h{t) 


^l + n(21nt) 


= h{t) 


^1 + n (21nt) 


t 

n 2 


_ J.\ 1 

1 


f / 1 \ ^ ^ / 71 \ li2/ 

+/i (t) < (m — 1) + n (2 lnt)~" j ^-J(21nt) —— ^l + n(21nt) 

Using the notation 77 = (21nt)“^/'" < 1/2, we can rewrite 

1(1 + 2 _ ^ ^ 

I m 

= ^(1 + ru?)’"-2 |(1 + ru?)’" - ^ 

r^ ( TO J 

Since (1 + nr])"^ > 1 + nmr] when to > 1, we have 


1-1 1 


\m— 1 


h"{t) > + nr])"^ ^ • (to — 1)7777 -I 1 — [• > 0. 

m 


t 2 


277”^ 


TO 


This implies A(t) = h{t)h''{t) + thus we can choose Ci = 1. 


2. Sub solutions of the form T^”) < P < with solution u> M 

We begin with a variant of Lemma 1551 for weak solutions, and where h can now be decreasing. 


Lemma 34. Assume that u is a weak solution to Cu = cj) in i?(0,r) so that 

inf u(a;) > ||(()||x(i 3 (o.r)) e (0,oo). 
xGB{0,r) 

Let h{t) be a piecewise continuously differentiable function that satisfies the following conditions 
when t > infB(o,r) u: 

(I) A(t) = (^^h{t)^y' is positive; 

(II) A(t) = hit)h''{t) + h'{tY ~ h'{tY, so that in particular, we can assume |A(t)| > Cih'(t)^ 
where Ci <1 is a constant; 

(IIP) The derivative h'{t) satisfies the inequality \h'{t)\ < (72^^, where (72 > 1 is a constant; 
Then the following reverse Sobolev inequality holds for any tp G (7g’^(i3(0,r)).- 

(3.10) / ^^HVA[h(u)jfdx<^ f [h(77)f (|VxV'P + ^^). 

J B{0,r) JB{0,r) 

Proof. The proof is virtually identical to that of Lemma 1551 upon noting that (13.51) now holds 
with equality. | 


Now consider hpft) = \J <!>("-) (t^^) = Tm\t^). We wish to show that this h satisfies the 
conditions of Lemma [34l above. So let /3 G (—|, 0). We have 




TtP t/5<g2-L 

gi((2/31nt)i/™ + l)'" ^/3>g2"-i. 
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3. CACCIOPOLI INEQUALITIES FOR WEAK SUB AND SUPER SOLUTIONS u 


oTTl _om 


where t = e" 2 as before. For the iteration this gives 

gK(2("-fe)lnr+2/31nt)i/™+fe)’” („_fc) ^2"-! < ^/3 < 1) g2"-i ^ fc = 1, 2, • • • , n - 


J((2/3 lnt)i/”*+n)’’ 




Recall hp{t) = and A^(t) = (^h/sit)'^)" /2. Then for < t ^ it is easy to 

calculate 

A^it) = P"2/3(2^ - l)t2/5-2 = > 0, 

and the coefficient of {h'p{t'^ is strictly positive for the range of jS chosen. For the other values of 


t we have 


IW)I = ^ 1 + 


(2 ln(T”“*^t^)) ”* 


< 




and 


Ap{t) = 


. (. (i 


1 + 


(21n(r" 

k 


^ (21n(r” 

Thus since > e^"* ^ we get 




1 + 


2(m — 1) 


(21n(T” 


(21n(r” 


2( to - 1) 


K ^ --3 I 1 + 


^ \ (21n(r" 


"2- (21n(r"-'=t/3)) 

which altogether shows that 

A/ 3 {t) Ri |h^(t)|^ for all t. 

Moreover, we also have 

< |/3| {k + ir-' < 

Thus /i /3 satisfies the hypotheses of Lemma [Ml and so we conclude that 


(3.11) 


'iiP‘\\VA[h{u)]\\^ dx<^ f [h{u)f {\V A^\'^ + ^^) , 

,r) JB{0,r) 


Jb{o 

where C 2 = Cn‘^~^ and Ci is as in (II) above. 

3. Sub and super solutions of the form (\l/(-^) (y)) with solution u < ^ 

The major difficulty encountered in establishing a Cacciopoli inequality for small solutions is 
that the function h (t) = y'vl'(-i) {£) no longer satisfies the equivalence Ah {t) fv |h' (<)|^ in condition 
(II) of Lemmas|33]and[34l in fact limt_>o = 0 as follows easily from (13.151) below. Previously, we 
used a nonlinear function h (t) = (f^) where the strong convexity of ensured the equivalence 

A.(t)^|h'(t)|^ 
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3.1. A preliminary Cacciopoli inequality. Recall that for any functions h and u the com¬ 
position u = h (u) formally satisfies the equation 

Cu = (hou)^ (u) Vu = h' (m) Cu + h" (u) AVu, 

and if M is a positive supersolution of (I3ID in 11, i.e. Cu = (/>, then we have 

— J A\7u = j wCu = J wh'(u) Cu + j wh” (u) \\V Au\f 

< J wh'(u) (j) + J wh" (u) \\VAuW"^ , 

provided wh' (u) is nonnegative and in the space (11), which will be the case if in addition 

h' is bounded. If we substitute w = ijP'h (u) we get 

- J ^^\\VAhiu)\f -2 J {h (u) ViA,i/;Vh(n))^ 

= -J (V AV/i(w) 

< J h (u) h'iu) (j) -\- J h (u) h" (u) \\y Au\\^ , 

hence 

(3.12) - J 'il;‘^A{u)\\VAu\f = - J ^h {u) h" (u) + h'{uf'^ \\V Auf 

< 2J {h {u) V A'^l^ , Ah (u)) + J ijj‘^h{u) h'(u) (j). 

Remark 35. Suppose that h(t) is increasing with h{0) = 0. If h{f)^ is concave, then so is 
h(t) > 0, and hence h'(t) < Thus condition (III) below is redundant, but is included for 

emphasis. 


Lemma 36. Suppose ip £ Lip^ {B (0, r)). Let u < ^ be a weak supersolution to Lu = (p with f) 
admissible and let h{t) be a piecewise continuously differentiable function that satisfies the following 
two conditions when -^ > t > infB(o,r) u: 

(!) A{t) = [^h{t)^y' is negative; 

{III) The derivative h'{t) satisfies the inequality h'{t) < 

Then the following Cacciopoli inequality holds: 

(3.13) J II (n)f <cj{f;^ + \\VAf^f) 

where 

k{t) = \/|A(s)Ms, ^ (0 = ^ (i))" • 

Proof. The Cacciopoli inequality when u is a supersolution is (13.12^ : 

— J (u) IIV^u||^ — 2 J {ipVAh{u) ,h{u)V Af) < J '0^h(it) h'{u)(j). 
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3. CACCIOPOLI INEQUALITIES FOR WEAK SUB AND SUPER SOLUTIONS u 


For 0 < £ < 1, we can estimate the last term on the left side above by 




= 2 


= 2 


{ijjh' (u) Vat, h (u) VaiP) 


'lp^/\A~(^\\7AU, (u) Vai!^ 


< e / AU, 1 p^J\^.{u)\S/AU 


h' (u) ' 

\VWM V|A(r)| / 


+£-. f (jpd 

J \ \/|A(u 
e J |A(m)| llVAitf+e"^y 


Wi'^)\ Uf a2||v7 /I|2 

I w A ^ W W^Ai’W ■ 
A(m) 


l^'(“)l ur ^2||v^ ,il2 

WmT ■ 

f \'4’'^h (u) h' (u) (j)\ . 


Since A(t) is negative, we have 

(i-£)y i^2|A(u)iiivARf <£-'y 

In the case (j> = 0 we have 

y ^^\A{u)\\\VAuf <C, 

which gives (13.1311 . If ^ 0 and u > ||'5i||x(B(o r-))> ^^en using (III) we have the bound 

[ \ip'^h (u) h' (u) (j>\ < C 2 [ ip'^h (u)^ — <7 ^ 

J JBiO.r) U 1 


\h'{u)fh{uf ,,|2 


^p h (u) (j) 


< C 2 - 


ll'/'ll 


A(B( 0 .r)) 


infB( 0 ,r) U JB(Q,r) 


Va 


infB(0,r-) U J B{e,r) 

(^^h(uf''^ < C 2 J 11 VaV'^ I ^ ('^)^ + (u) h' (tt) |Vau| I 


< 


< 


C 2 J (IVaV'I'+V'") h{u)^ + 2 C 2 J |VAfc(u)| 

C2 y (ivaV'I"+V'") Hu)^ +C2 y lA 


v\m\ 

2 ( 1 hiuf{h'iu)f 


|A(t)| 


-£i |VaA:(u)|" 


Now we can absorb the term C 2 ei /1/'^ |VaA: (m)|^ = C' 2 £i / V'^ |A (u)| |Vam|^, and use that > 

0 0. I 


3.2. Iterates of concave functions. In order to obtain a Cacciopoli inequality suitable for 
iterating with an inhomogeneous Orlicz-Sobolev bump inequality, we first establish some estimates 
on the iterated function \If(“'^). Set 


(3.14) 

H{t) 

= ^(-i)(t)=e , 


Hn {t) 

= (t) for Af > 1 and Hq (t) = t, 


Hn (t) 

= VHn (t) for AT > 1, 


An (t) 

= ii?" it) = Hn (t) h" (t) + \h'j, {t)f for AT > 1 
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Then we have 


An ft) 


it) 

1 

^ \/Hffit) 




We next compute H' and H", and for this it is convenient to write 


H (t) = e 




and to introduce 


n{t) 
n' (t) 


= 1 - In 


1 \ m —1 


— (m — 1) I 1 — ( In - 


1 \ m—2 


-(\n- 


m \ t 


m — 1 


m 


1 — In - 
t 


1 V m-2 




m — 1 ^}{t) 


m 




Then we have 



and 

(3.15) H" (t) = 


t2 “ i2 


t2 


(i-nit))- 


t 

H (t) m — 1 D, (t) 


t m 


= 1-L^- 


t2 

H (t) D, (t) 

t2 


1 \ m—1 


m — 1 ^{t) 


m 


(Ini) 


r(t) 
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where 


Tit) = l-|l-(ln- 


> 1 — 1 — In 


1 \ m —1 


m — 


MY 


1 V m-1 


> 


m 


m — 


(Ini)- 

for 0 < t . Now we use the composition formulae 

(/ 05 )' = if 09 ) 9 ', 

if 09)" = {f"og)\g'\^ + {fog)g\ 

to compute , for fV > 1. Indeed, using H' (t) = (t) and H" (t) « —(t), we have 

|^Ar(0 I 

HN{t) = HoHN-i{t) , 

(Hn)' (t) = H' {Hm-1 (t)) it) = hZ%) ^ ’ 

= (t)l^ + it) 

j9n-i (t) 

Hn (t) 


(t) 




2 , Hpfit) 


Hn- 1 (t) 


Hn- 1 (t) 

(t) n {Hn- 1 (t)) 


Hence we have 


Hn (t) (Hn)” (t) = — 


Hn (t)^ 

(tf 


\H'N_At)\^^{HN-lit)) + 


Hn (t)^ 
Hn- 1 {t) 


H'i,-i it) 


\(n r(iFAr_i(<)) HN{tf „ 

- - |(«») («l **’ 


n{HN-i{t)) n{HN-i{t)) 


which gives 

(t) (t)| 

i(^^iv)'(t)r 


H {Hn- 1 {t)r V 


r(iFjv-i(t)) 


H'N-iit)\" , 


for > 1. 


Now H (t) > 1 and > 0 so we trivially have the lower bound 


>r(H„_.(0)> 

I*®"’ **’1 ('"ndTw 

We summarize these calculations in the following lemma. 


T' 
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Lemma 37. For N > 1 we have 






< 


|AAr(t)| Hn (t) H'jif (t) m—I V HN-i{t) 


In ■ 


0 < i < —. 
M 


Now we express the right hand side above as a composition with iLjv (t). Let 


(3.16) 


0 (t) = ( In 


11/(1) 


t, 0 < t < 


M' 


Then since iL (TLat (1)) = TLat-i it) we have 

1 

1 


In 


FIn-i it) 


Hn it) = In 


1 


iHN it)) 


Hn it) = 0 iHN it)). 


We now claim that 0 is concave. Indeed, from (1) = Ae 




we have 


In 


1 


11/(1) 


1 


1 , 


= ln^+ ( (Inj)'" +1 ) ’ 


and so 


In 


dt \ (1) 


dt 


In ■ 


= -- 1+ In- 


1 = m I In 


1 \ m —1 


+ 1 


In - 
mV 1 


^-1 


and then 




1 I In 


11 /( 1 ) 


= In 


11 /( 1 ) 


-(In 


1 


m \ '1/(1) 


l+(ln- 


1 \ m—1 


Now both In and In | are decreasing, and hence 0' (1) is decreasing, and so 0 is concave. 
We collect all of these observations in the next lemma. 


Lemma 38. With notation as above, we have 


I Am (1)1 


hN itf 


\H'Nit)? 


< 


Hn it) iL" it) 


In ■ 


Hn it) 


m- I 


Hn- 1 it) 

0 iHN it)) = 0 (hM (1)') . 


Hn it) 


3.3. A modified Cacciopoli inequality. Now we are prepared to extend the preliminary 
Lemma (Ml to a Cacciopoli inequality for sub and super solutions of the form (^v]/(-^) (y)^ with 
a positive solution u < 
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Lemma 39. Fix N > 1. Let u < -^ he a weak super solution to Lu = (j) with (j) admissible. Let 
hisf (t) = ■\/^'(“'^) (t) and 0 (t) be as above. Then the following Cacciopoli inequality holds: 

2 


II V/lfciV (14)11 


h'jy(v)hiv(v) 


\/PwMl 


< 


Cn(r) 


L^(B„) ^ 2 


3 0 ^II^AT (44)11^2(5^ 


where 

(3.17) 


kn (t) = f y/\AN (s)|ds, An (t) = {t)'‘ 

Jo 


Similarly, if u < -h is a weak suhsolution to Lu = 4> with (j) admissible, then 


iV^fcAc (it)ll< C„{r) 


h'(v)h{v) 


v\m\ 


< 


Cnir) 


m — r, 


3 0 (||llA (44 )|Iz,2(b„)) 


where now 


kN (t) = f y/\AN is)\ds, An (t) = (t)" . 

Jo 


Proof. From (j3.13p we obtain 
||Vyifcjv (44)11^2(5^^^) < Cn{r)'^ 
Then from Lemma [38] we have 


h'N{u)hN{u) 


\/|4^w(44)| 




1 I 


= Cnirf [ 
Jb, 


J |Aiv(44)| 

Altogether we now have 
l|VAfcAr(44)||^2(B„^^) < C'„(r)2 / 

^ E 


m — 


B„ |AAr(?4)| 

J / 0 {Hn (u)) dp.. 


^^( 44 )^ I ( \2 j 
hN\u) dp. 


^^( 44 )^ 7 / N2 J 

-hN\u) dp 


B„ |Ajv(44)| 


< 


< 


Cn{r) 


m — 

C^{r) 


^ j Q{Hn {u)) dp = ^11^0 o 0(-4) (^J 0 {Hn (m)) dp 


HN{u)dp'^ (^JkNiufdp^ , 


where the final line follows by applying Jensen’s inequality with the convex function 0*^“4)_ This 
proves the first part of the lemma. 

If we assume that it is a sitfesolution to Lu = (f, and if we replace .^srith 4', then the 

above arguments go through with Ln (t) = obvious modifications. Indeed, with 

-({ln^)^+r] 


H{t) = 'it (t) = Ae 


and Hn (t) = (t) and 

1 \ m — 1 


Ll{t) = 1 + ( In 


n'{t) = 


m—1 fl (t) 


*( 1117 )' 
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we have 


where 


H' it) 
H"{t) 


Hit) 




1 \ m — 1 


H (t) ft (t) 


Hit)VL{t)^ Hit) nit) Hit)n'it) 


t2 

Hit) nit) 

t2 

H it) h it) 


i2 


(hit) 


r(i) 


-1 + 


H it) m — 1 it) 


t m 




Tit) = 




1 \ TTi— 1 


- 1 + 


m — init) 


(Ini)- 


m 


> 1-1 


In ■ 


t 


1 \ m — 1 


> 


771—1 


Thus H and Hn are convex and we compute that 


Hn it) iHjq)'' it) 


1 


liHNYit) 

and hence that 

Hn it) iHN)” it) 


ri iHN-i it)) 


TiHN-iit)) 


(Ini)- 

\H'N-lit)Y . 


m — 1 


for > 1, 


2 _w_\——w ^-^ ^- 

!<"»>'(‘)l 


From this point on the arguments are essentially the same as for the case already considered, upon 
using that An > 0 and u is a subsolution. This completes the proof of the modified Cacciopoli 
inequality in Lemma 133 I 





















CHAPTER 4 


Local boundedness and maximum principle for weak sub 

solutions u 


In this chapter, we use some of the Cacciopoli inequalities from the previous chapter to prove 
local boundedness of all weak subsolutions to Cu = (p with (j) admissible under appropriate hy- 
potheseses including a Sobolev Orlicz bump inequality. In part 3 of the paper we will establish the 
corresponding geometric theorem. 

1. Moser inequalities for sub solutions u > M 

Here we assume that the inhomogeneous (4), y))-Sobolev Orlicz bump inequality (11.51) holds. 

Let us start by considering r > 0 and the standard sequence of Lipschitz cutoff functions {tpj} 
depending on r, along with the sets B{0,rj) D supp'i/'^, so that ri = r, Too = limj_>oo O = 

Tj — for a uniquely determined constant c, and II^AV'^Ugo ^ ‘V Vyi as in (11.101) 

(see e.g. [SaWh4] 1. We apply Lemma [33] with h{t) = (t^), 4’ = 4’n — Mo,r„ in 

Definition m to obtain 

/ I|Va [h(u)]f < 21 (l + ^) [ [h{u)f {\V+ 4l) df^rr, ■ 

JB{0,rn) ^ JB(0,r„) 

This implies 

\\^A[4nKu)]\\l.^^^j < 2 Un^Ah + 2 IW^a4u\ h 

( 77 \ ^^ f n n 

1 + :T / [h{u)f{\VAi’n\^+4l)dttr„+2mA4n\h{u)\\l,( ) 

where we use the inequality ll'i/'nlli” ''’nilVA'i/'nlU” r„ < r is a small radius. This 

gives the second of the two inequalities below, and the Sobolev Orlicz bump inequality (11.51) with 
bump $ = as in (17.191) below gives the first one: 

(1) Orlicz-Sobolev type inequality with $ bump and superradius 

(y ^{w)d^i^^'^ < C(p{r{B)) J \VAiw)\dfl^^, W G LiPcompact (5«) ■ 

(2) Cacciopoli inequality for solutions u 
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4. LOCAL BOUNDEDNESS AND MAXIMUM PRINCIPLE FOR WEAK SUB SOLUTIONS u 


where 


(4.1) 


C{n,r) = Cn^ 


=1 1 

r 


Taking w = 'ipnh{u)^ and combining the two together with Vn = r (Bn) and 7 „ = 


gives 


$ 


(- 1 ) 


'Sn + l 7, 




J Bn 

< 2 C^(r(B„))|^ |/i(r)| \VAh{u)\d^l,^ + \^a^I\ \h{u)f d^l, 

< 2Cip{rn)^J h(uydp^^^ J \V aHu)\'^ dp,^^ + 2C{n,r)C(p (r^) 

< 4C{n,r)C(p{ru) \\h{u)\\l 2 ^^^j = M {<p,n,r) \\Hu)\\l 2 ^^^j , 

where 

M {ip, n, r) = 4(7(71, r)Cp (r„). 

Recalling the definition of h{u) = \J (t^) with $ = <l>m and using the submultiplicativity of 
we get 

[ $(-+ 1 ) (u^) < In^lM ip, n, r) f $(") ( r 2 ) ] 

JB{Q,rn+i) \ JB{Q,rn) / 

< (jIM ip,n,r) f (m^) ) , 

\ JB{0,rn) / 

where 7 * = —tyt- Using gT]) we can find a constant K = Kstsinda.idip,r) > 1, depending on 
VTT j 

the radius r, the superradius p (r), and the choice of standard sequence of Lipschitz cutoff functions 
{t/’j} such that 


(4.2) 


7 * M ip, n, r) < Rrstandard(</5, r)(n + 1 ) 


m+l+e 


which holds since we can arrange to have p nondecreasing and Too < Tn+i < Vn < r, ||VA' 0 nllL°° — 
and 7 „ = — \B(o 'r°'’)\ ^ hence also 7 * < 00 . Therefore we have 


(4.3) 


J B{0,rn+i) 

Now define a sequence by 


(u^) dp^ .^<^{Kin + l)™+i+® / $(") (^2) dp^ 

V JB{0,rn) 


(4.4) 


Bn = 


f \u\^dp,^, R„+i =$(X(n+l)™+i+"R„). 

J B{0,ro) 


The inequality (14.31) and a basic induction shows that 


(4.5) 


[ (r 2 ) dp^^ < 

JBiPAn) 









2. ITERATION, MAXIMUM PRINCIPLE. AND THE INNER BALL INEQUALITY FOR SUB SOLUTIONS u > M9 


2. Iteration, maximum principle, and the Inner Ball inequality for sub solutions 

u > M 


We begin this section with a weak form of the Inner Ball inequality using notation as above. 
Recall that Bq = 

Theorem 40. Assume that (p{r) and $(t) = ^m{t) with m > 2 satisfy the Sobolev bump 
inequality ra, and that a standard sequence of Lipschitz cutoff functions exists. Let u be a 
nonnegative weak subsolution to the equation Cu = 4> in B{0,r), so that 

ll</'IU(B(o,r)) < , ||M||L2(dM,.) < 

Then we have a constant C{ip,m,r) determined solely by m, the radius r, and the superradius tp, 
such that 

l|u||L°°(B(0.r/2)) < TO, r); 

C{(p,m,r) < exp [C"(to) (1 + (Inif)™)]. 

First of all, we can assume 

inf U> 26^"* ' > ||(/)||x(B( 0 .r)) 

B(0,r) 


by possibly replacing u with M = u + 2e^"" %o that 2e^"* ^ < ||u||L 2 (d^^) < 3e^"* \ For convenience, 
we revert to writing u in place of u for now. Applying Cacciopoli’s inequality and Moser iteration 
as above, we obtain a sequence Bn as defined in (14.41) with its first term 4e^ < Bq < 9e^ so that 
(14.51) holds. At this point we require the following two properties of the function $ relative to the 
subsolution u: 


(4.6) 


lim inf 

n—>-oo 


$(") 




and 

(4.7) 


lim inf 

n—xx) 


$(") 


1 -1 


(Bn) < C{ip,m,r) 


The combination of (14.6p . (14.51) and (14.71) in sequence immediately finishes the proof: 




< lim inf 




1 -1 


I B{0,rn) 


< lim inf 


f n—^oo 

■ 


1 -1 


{Bn) < C{tp,m,r). 


In order to prove the two properties (14.61) and (14.71) , we need two lemmata, which are proved in the 
next subsection. 


Lemma 41. Let to > 1. Given any M > Mi > and d € (0,1), the inequality 

5$(")(M) > 4>(”)(Mi) 

holds for each sufficiently large n > N{M, Mi, d). 

Lemma 42. Let m > 2, K > 1 and 7 > 0. Consider the sequence defined by 

Bo= [ > 62 ™, Bn+l=HK{n+l)Wn). 

d_B(0,ro) 

Then there exists a positive number C* = C*{Bq, K,j) > M, such that the inequality <I>(")((7*) > 
Bn holds for each positive number n. 
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4. LOCAL BOUNDEDNESS AND MAXIMUM PRINCIPLE FOR WEAK SUB SOLUTIONS u 


It is clear that Lemma SI] proves (14.71) with the upper bound in (14.71) given by 
C{ip,m,r) = C'*(9e^'",iLstandard(i^,T),m + 1 +e). 

On the other hand, Lemma 1411 implies the first property (14.61) . Indeed, for any number Mi < 
ll“llL“(^t )’ choose a number M so that Mi < M < ||u||^oo^^ ^ and let Am = {x € 

S(0,roo) : u > y/M} whose measure is positive (recall that u is nonnegative by assumption). 
Without loss of generality we can assume Mi > since we know ^ > (inf > 4e^™. 

By our assumption we have 

dx , |p1m| 


IB(0,r„) 


j A fuT 


> 


|i?(0,r„)| - |B(0,r)| 


$(")(M) 


Thus we have 


lim inf 

n—>-oo 


$(") 


1 -1 


lB{0,rn) 


(u^) 


> lim inf 

n—>-oo 


$(") 


^ f \^m\ 


V|S(0,r)| 


$(”)(M) ) > Ml 


This finishes the proof since we can take Mi arbitrarily close to HuHioo^-^ 

Now we have an L°° estimate when the subsolution is relatively small in size. However, an 
argument based on linearity and tracking the constant C{(p,m,r) gives the following Inner Ball 
inequality by applying Theorem [40] to 

+ ll'(^llx(B(0.r)) 


h+ll0ll X{B{0,r)) lU^(dMr) 


and (j) = 




and noting£u = (j). Indeed, we then have ||m||l 2 ((;^ ) = 1 and 


X(B(0.r)) 

lk+ll<^ll X{B(0,r)) ^ II ll'/'llA(B(0.r)) WL^idii^) — ll'/>llx(B(0.r)) • 


< 1 since u > 0 implies 


Theorem 43. Assume that ip (r) and $(t) = ^mit) with m > 2 satisfy the ($, ip)-Sobolev Orlicz 
bump inequality im, and that a standard sequence of Lipschitz cutoff functions exists. Let u be a 
nonnegative weak subsolution to the equation Cu = (j) in B{0,r), and suppose that ||^!)||x(B(o,r)) < oo. 
Then with C{ip,m,r) as in Theorem\^ above, we have 


l|w+ ll</^llx(B(0.r))llL“(B(0.r/2)) < VC{ip, m,r) 


ll'/'llx(B(0,r)) 




2.1. Abstract maLximum principle. We can now obtain the analogous weak form of the 
maximum principle. 


Theorem 44. Let LI be a bounded open subset o/K". Assume that 4>(t) = $^(1) with m > 2 
satisfies the Sobolev bump inequality for Q. Let u be a weak subsolution to the equation Cu = (j) in 
LI and suppose that u is nonpositive on the boundary dLl in the sense that S (^)j 

suppose that ||(()||x(n) < oo. Then 


esssup u 


{x) < ^C{m,Ll) u + ||()i'||x(n) 


L 2 (n) ■ 


Proof. An examination of all of the arguments used to prove Theorem |43] shows that the only 
property we need of the cutoff functions ifj is that certain Sobolev and Cacciopoli inequalities hold 

for the functions V'jh (u+). But under the hypothesis S (^)) can simply take ifj = 1 

























2. ITERATION, MAXIMUM PRINCIPLE. AND THE INNER BALL INEQUALITY FOR SUB SOLUTIONS u > Ml 


and all of our balls B to equal il, since then our weak subsolution already is such that h (u’*') 
satisfies the appropriate Sobolev and Cacciopoli inequalities. Here is a sketch of the details. 

Since we may take the cutoff function ip in the reverse Sobolev inequality in Lemma [33] to be 
identically 1, the Cacciopoli inequality (I3.4|l for a subsolution u that is nonpositive on dQ now 
becomes simply 

[ \\VA[h{u)]fdx<^$- [ h{u)\ 

Jn JQ 

where the constant C 2 satisfies C 2 ~ for h = Thus we have the following pair of 

inequalities for a constant C = C (H, m, n): 

(1): Orlicz-Sobolev type inequality with $ bump 


$( / ^{w)dx] <cf |Va {w) \dx, W G Lipcompact {^) ■ 

\Jn J Jn 

(2): Cacciopoli inequality for subsolutions u that are nonpositive on dfl, 

||Va/i(m)||l2(q) < C||h(u)| 1^2(0) . 

Taking w = h{u)‘^ and combining the two together gives 


$(- 1 ) (/ 

< C f \V A {hiu)"^) \dx = 2C \ [ \h{u)\ \VAh{u)\dx 

Jn [Jn 

< 2C^J h{u)^dx^J \\7Ah{u)\'^ dx < 2C^ ||/i(u)|li 2 (o) ■ 


Recalling the definition of h{u) = \J (t^) with $ = we get, 


(4.8) 


[ (u^) dx<^(c [ (u^) dx 

Jn \ Jn 


Now we proceed exactly as above to complete the proof. 


At this point we wish to replace the right hand side above by C ||(/>||x(n)j here we will follow 
an argument of Gutierrez and Lanconelli |GuLa| . Recall that u G IV^’^ (H) is a weak subsolution 


of 


(4.9) 

Lu = V^’^A{x, u{x))yu = (j). 

if 


(4.10) 

— / > / (j)w 

Jn Jn 


for all nonnegative w G (H). Now let u = /i o u, where h is increasing and piecewise 

continuously differentiable on [0,oo). Then u formally satisfies the equation 

Cu = V*’'AV {hou)= V^'^Ah' [u) Vu = h' (u) Cu + h” (u) (Vu)“' AVu, 
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and if M is a positive subsolution of Lu = (j) in Q, we have 

(4.11) — J AVu = j wCu = j wh'{u) Cu + j wh" {u)\\S /ai 


> 


wh'(u) (j) + J wh" (u) \\\7Au\\^ , 


provided wh' (u) is nonnegative and in the space (14), which will be the case if in addition 

h' is bounded. 


sup u < sup u-\- C ||</>||Xcn) 
n an ^ ' 


Theorem 45. Let Ll be a bounded open subset o/R". Let u be a weak subsolution of with 
(j) A-admissible, i.e. ||((>||x(n) < oo- Then the following maximum principle holds, 

(4.12) 

where the constant C depends only on Q. 

Proof. We first suppose that in addition we have u G {B{Q, r)), so that supaf 2 u = 0. 

The proof basically repeats the proof of Step 2 of Theorem 3.1 in |GuLa| but we repeat it here 
for convenience. We may assume that u has been replaced with u'^ = max{u,0}. So let rt be a 
nonnegative weak subsolution to (14.9|) . By Theorem|44]we have that u satisfies a global boundedness 
inequality 

ll^llL°“(n) — ^ (ll^llL2(n) + ll</^llA:(n)) 

Now denote M = esssupfj rt, k = ||<(>||x(n) consider w = It is easy to see that 

w G (14) and substituting in (14.1011 we obtain 


r Vu^^AVu (M + k) 

L {M + K- u)2 


> 


u4> 




M + K — u 


Dividing by M + k and using that u < M + k we claim that 

|2 


(4.13) 


\Vau\ 


< 8|14| =C'(14). 


Jn {M + K- uy 

Indeed, we have from k = ||^!'||x(n) definition of the norm in 4f(14), 




In {M + K- uy 


< 


< 


Q (M + k) (M + k — u) 

1 




M + k 

f |V^m| 


< 


In (M + K — u) 
_ r \VAuf 
2 Jn [M + K — uf 


2 — 


Va 


< 


M + K — u 
|Vau| 


M + K — u 


1 


+ 4|14|. 


Now define 


h{t) 


log 

logMd 


M+k 


M+k 


for t < M 
for 4 > M 
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It is easy to calculate that for t < M we have 


h'it) 

h”{t) 


1 


M + K — t 
1 

(M + K — 


and therefore we have from (I4.13P for u = h(u) the estimate 


(4.14) 


II Vy4u|| < C{m^ ri). 


Now we would like to obtain an equation that u = h{u) satisfies. Substituting h in (|4.1ip we have 


- J {Vw f Ayu> j 


W(j) 


M + K — U J {M + K — 


l|VA«f > 


W(p 


M + K — u' 


since w is nonnegative. Therefore, u is a nonnegative weak subsolution of Lu = 4>/{M + n — u). 
Moreover, since u = 0 on dO, and consequently u = 0 on 917, we have that u satisfies the global 
boundedness inequality 




< C llul 


L 2 (n) 


M + K — u 


x{n)y 


For the last term on the right we use the monotonicity property ||/||x(n) — ||5lU(n) if I/I < |5| to 
obtaiifl 


(t> 

< 


M + K — u 

x{n) 

K 


= 1 , 


x(n) 

while for the first term on the right we have from Sobolev inequality and (I4.14L 


J ||uf <C(f7) y llVAuf < C(f7). 

Combining the above gives 

ll'*^llL“(n) — C'(f7), 

and recalling the definition of u = h{u) gives 

M + K. < {M + K — 

M < - 1) 


Recalling the definitions M = supf 2 u, k = ||(/i||x(n) conclude that (14.121) holds in the case 
supan = 0- 

To handle the general case define u= (u — supg^ ■ Then u is a nonnegative weak subsolution 
of Lu = —\(j)\ and u = 0 on 917, therefore Theorem |45] applies and the estimate above follows from 

dug). I 

2.2. Proof of Recurrence Inequalities. 


^This is the only place the monotonicity of the norm ||■||x( 0 ) used, and in the rest of the paper, we could use 
instead the larger space X{Q) in which absolute values appear outside the integral in the numerator of the definition 
of the norm || -ll • 
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4. LOCAL BOUNDEDNESS AND MAXIMUM PRINCIPLE FOR WEAK SUB SOLUTIONS u 


Proof of Lemma im This is straightforward since we know $*^"40 = e("+(in‘) ' ) . 'We can 
use the notation a = (InM)^/™ > (InMi)^/™ = b and obtain 

J$(")(M) > ^ InJ + (n + a)"" > (n + 6 )™ 

This is always true when n is sufficiently large, because if m > 1, we have 

lim [(n + a)"* — (n + &)"*] > lim {a — b) ■ m{b + = oo. 

n—¥oo n—¥oo 

Proof of Lemma SH Let us define another sequence by 

Ao = C*, A„+i=$(A„), n >0 

Thus we are trying to find a number C such that An > Bn holds for all n > 0. Next we pass to 
another two sequences: 

an = (lnA„)^/™, 

bn = 

The sequence {a„} satisfies oq = (InC*)^/™ and 

an = (lnA„)^/™ = (ln$ = (lnA„_i)^/™ + 1 = a„_i + 1 

As for the other sequence, it is clear that bo = (lni?o)^^™ > 2 , but the recurrence relation for is 
a bit more complicated, and with K = ATstandard {r) we have: 

bn = (lnB„)^/™ = (ln$(Kn^B„_i))i/’" = (ln(iLn^S„_i))^/™ + l 

This is clear that bn > bn-i + 1 thus we have a rough lower bound bn > n + bo. Since the function 
g{x) = is concave, we have 


L rtm 1 -ymI/™ , , f. In (ATn''’) ln(Arn''') 

— {^n-i + In (ATn^)} + 1 — &„_i U H- — - ^ + 1 < &n-i H- 

L “n—1 J • t>n_i 


+ 1 


Thus 


, , 1 ^ In 

bn < bo + n -\ - 

m < ^ 


m — 6™"^ 


, l^ln(iLj^) 

-On >0,0 - bo -> ,m-l 

m ^ b / 

J=1 J-r 


Because m > 2, we have 


^ In (Kjp g ln(A:j^) —^ ^ C{m)bl-"' + In AT) < oo. 


j=i 


and we can choose oq = 6 o + C{m)b^ "*(7 + In AT) and guarantee a„ > bn for all n > 0. The choice 
of C* = C*{Bo,K,-f) is 

fA 1 r\ / m\ ^ f h I “f In Arstandard(^)) N , /ID \ 

(4.15) C = exp (oq ) < exp 60 +-^ , ^_2 - > ^0 = (In^o)" • 

V - 2) Op / 

Thus we have the estimate 

(4.16) C'(m,r) = C*{9e^ , A:standard(r), to + 1 + e) 

/ \ m 

^TO + 1 + £ + In Afstandard(^) \ 


< exp 


In 


(<,.-) 


C- 


{XnBoY 
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Remark 46. Lemma fails for m = 2 even with 7 = 0 and K > e. Indeed, then from the 
calculations above we have 


bn — bn—I ^ 1 + 
which when iterated gives 


bl-i) 


+ 1 > bn-l + 


hiK 
4&n—1 


+ 1 ; 


for n large, 


In K 

bn > bo + n + 2_^ = Oq + n + 


1 


j=0 


4&, 


■E 

3=0 


So if there are positive constants A, B such that bn < An + B for n large, then we would have 

1 1 In R 

bn > bo + n -\ --—clnn 


for some positive constant c, which is a contradiction. Thus bn < ag + n for all n > 1 is impossible. 
Moreover we have 

{Bn) = = e^b„-nr > g[f>o + iSi^cInnb„]™ ^ ^ 

as n —>■ 00 , so that the left hand side of is infinite. 








CHAPTER 5 


Continuity of weak solutions u 


In this final chapter of Part 2 of the paper, we turn first to establishing a Harnack inequality, 
and for this we will adapt an argument of Bombieri (see |Mos[ Lemma 3]). One needs to be 
careful however, since in this case the coefficients in the inequalities depend on the radius r of 
the ball. Moreover, the constant Cnar (f) in the Harnack inequality we obtain will depend on the 
complicated constants in the Inner Ball inequalities, which as we will see later, typically blow up 
as r —>■ 0 when the underlying geometry fails to be of finite type. Finally, we need to carefully 
define our bump function <I> (t) for small values of t rather than large values as above. Then we give 
an affine extension for large values of t that results in a bump function that is supermultiplicative 
rather than submultiplicative. 

Recall that the basic idea in Bombieri iteration is to implement a sequence of iterations, but in 
the reverse direction of Moser iterations. It might be of some help to indicate the geometry used 
here by describing the radii involved in this ’’iteration within an iteration”. Let us fix attention on 
a ball B (0,1) (in some metric space) of radius I centered at the origin. Then Bombieri considers 
an increasing sequence of subballs B (0, vj) with radii 

^ = 1^0 < i/i < 1^2 < ■■■ < Vj < Vj+i <.../'! 


defined by Vj+i ~ i (1)^- Within each annulus i?(0, z/j+i) \ i?(0, i/j), Bombieri performs 

a Moser iteration to obtain a generalized Inner Ball inequality beginning with the larger ball 
B [0,1'j+i) and ending at the smaller ball B (0,z/j) by constructing a decreasing sequence of balls 
B ^0, r^^ with radii 

^3+1 =rl> r{> r! 2 > ... > ri > \ uj 


defined by - rl_^_^ = - I'j) ^ ^ (I) ’ Then a delicate use of the 

sequence of these Inner Ball inequalities controls from above the supremum of u by an exponential 
of an average of Inu instead of by an norm of u. Then a similar construction is carried out with 
i in place of u that controls from below the infimum of u by an exponential of the same average of 
Inu. As a consequence of these two estimates supu < expCAvg (Inu) and inf u > exjpCAvg (Inu), 
we obtain a strong Harnack inequality sup u ^ inf u. 

We now turn to the details of adapting the Bombieri argument to our situation where the 
constants in our Inner Ball inequality exhibit greater blowup in the infinitely degenerate situation 
than in the classical or finite type cases. It is useful to begin by noting that the constant K = 
Alnonstandard (<p, cq , v ) in our Inner Ball inequality for the more general annulus B (0, ro) \ B (0, vref) 
satisfies the estimate 


— Alnonstandard (^5 ^0; 


Cg}{vro) 

{I - v)5 (uro) 
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and so from the Inner Ball Inequalities proved below we obtain a bound 

ll^(w)llL°°(>.i3o) < VC iyy,m,r, v) ||u||^ 2 (Bo) 

for all subsolutions u and appropriate nonlinear functions h. It will turn out to be important that 
the dependence on is subexponential rather than exponential. 

Continuity will be derived from this later on by using an argument of DeGiorgi. 


1. Bombieri and half Harnack for a reciprocal of a solution u < -^ 

We first consider the reciprocal of a positive bounded weak solution. 


1.1. Moser iteration for negative powers of a positive bounded solution. Here we 
assume the inhomogeneous Sobolev bump inequality (17.141) holds. Let us start by fixing r > 0 and 
recalling the nonstandard sequence of Lipschitz cutoff functions depending on r, along 

with the sets B{0,rj) D supp'^^ for which ipj = 1 on B{0,rj+i) as given in Definition \T2\ Without 
loss of generality we are considering only balls B{0,r) centered at the origin here, since it is only 
on the X 2 -axis that continuity is in doubt. 

We apply Lemma IMl with hp (t) = = h where h (s) = \J (s^), and where 

— I < /3 < 0, and 'tp = 'tp^ and obtain 


/ P;l\\VA[h{uV]\\"d^^,^<C{n + lr-^ [ [hiuV]" 


dfl^ 


B(0,r„) 


This implies 

< 2 {V) + 2 II IV^V'nl ^ K) 

< C{n + 1)™-' ^ [hiuV ]' (iVAV'nP + Vn) + 2 IIIVaV-J h {u^) II", 

< C{n+ir-^\\VA^X^\\h{V)\\l,^^^^^ , 

where we use the inequality ||'0 „||lo° ^ r„||VAi/'nlU” the fact r„ < r is a small radius. This 
gives the second of the two inequalities below, and the Sobolev inequality m with bump $ gives 
the first one: 

(1) Orlicz-Sobolev type inequality with $ bump and superradius ip, 


$(-i) 



^{w)dfi 



<C(p{r{Bn))[ |Va (lu) 
J B„ 


U € Lzpcompact 


(2) Cacciopoli inequality for solutions u 

\\VAhiV)\\L2(f,^^^^) < C'(n,r)||/i(u^)||i2(^^^) 


where 


C(n,r,B) = \\^A-ipJ^ < 


2 

(1 - u)d(r„) ■ 


(5.1) 
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Taking w = and combining the two together gives 

■JB^ 

< 2C'(^(r(B„))|^ \hiu^)\ \yAh{u^)\d^i,^+ \h{u^)\" \V Ai’l] 

< 2C(p{rn)^J 2C{n, r, v)Cip (r„) ||h(n^)| 

< 4(7(71, r,u)C'v 9 (r„) ^ = M ((/?, n, r, u) ||/i(m^) ^ , 


2 


where 


M {ip, n, r, v) = AC{n, r, v)Cp (r„). 

Recalling the definition of h{u^) = <i>m^ (u^^) and < 5 we get, 

f $(-+1) <<S>(M{p,n, r, u) f $(") (u^^) dp, 

7B(0,r„+i) y JB(0,r„) 

Using (EH), we see that 


M {p, n, r, v) < RTnonstandard {>P, r,v)n<, 7 = 2 + 


771—1 
2 ’ 


where 

(5.2) 


d^ — .Rnonstandard (+j T, u) — 


Cp {ur) 


(1 — u) (5 (ur) ’ 

since is nonincreasing. Therefore we have 

f $("+!) (^2/3^ ^ I ^^7 f $(n) ^y2/3^ 

'/s( 0 ,rTi+i) y •/B( 0 ,rTi) 


Now let us define a sequence by 


(5.3) 


Bo = 


( \uf^ dp,,,, Bn+i = ^{KrBBn). 
J B(fl,ro) 


The inequality (14.3|) and a basic induction shows 


(5.4) 


[ (ii27) dp,,, < B„ 

7B(0,r„) 


1.2. Iteration and the Inner Ball inequality for sub solutions with /3 < 0. Now we 

continue with a weak form of the Inner Ball inequality analogous to Theorem l40l but for nonnegative 
bounded weak solutions. 
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Theorem 47. Assume that if{r) and $(i) = ^rn{t) with m > 2 satisfy the Sobolev bump 
inequality im, and that a nonstandard sequence of Lipschitz cutoff functions exists. Let /3 < 0 
and u be a nonnegative bounded weak solution to the equation Cu = 4> in B(0,r), so that 

ll«^>IU(s(o,r')) < , \\u^\\L^{dfi^) < 

Then we have a constant C ((/?, m, r, v) determined by m, the radius r and the geometry, such that 


\\u^\\L°-iB{o,i^r)) < 'JC{q},m,r, u); 

C {(p,m,r,n) < exp {C'(m) (1 + IniiT)™} , C'{m) < oo for m > 2] 

Cip {vr) 


dA — T^nonstandard T, u) — 


(1 — u) (5 {vr)' 


First of all, since /3 < 0, we can assume 


> 26^” ' > ||</>|U(B(0.r)) , 

by rescaling u and 0 by a controlled constant, so that after rescaling we have 


2 e^ 


- < C'e 


Thus we have Bq = 1^1^^ ^Mro ~ • ^PPlying Cacciopoli’s inequality and Moser iteration, 

we obtain a sequence Bn as defined in (15.31) with its first term < Bq < so that (15.41) holds. 
At this point we require the following two properties of the function $ relative to the solution u: 


(5.5) 

and 

(5.6) 


lim inf 

n—f oo 


$ 


(n) 


-1 


lB{0,rn) 


dpn 


> 




lim inf 

n—^oo 




-1 


(Bn) < C {(p,m,r,v) 


The combination of (15.51) . (15.41) and (15.61) in sequence immediately finishes the proof: 


r oo /" I ^ lim inf 

K^r-oo ) n—^oc 




-1 


lB(0,rn) 


< lim inf 

$(") 

j n—¥oo 

■ 


1 -1 


The two properties (15. 5p and (15.6p are now proved just as in Section [51 where we used Lemmas 1411 
and [4^ there. For future reference we record the analogue, for our situation here, of the bound for 
the constant C* in (14.151) arising in the proof of Lemma [42] 

C (m) (7 + In AT) \ 


(5.7) 


C* = exp (a™) = exp &o + 


ljn-2 


< exp 

< gC\m){l+\nK) 


C'{m) l^nBo 


{j + lnK)^' 

j (m—2)m 
^0 


where the final inequality follows since Ini^o ~ 2”^ is controlled. The constant K is now larger than 
before, namely 

C(p (vr) 

(1 — v)S{vr) 


K = 
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Just as in the previous section, an argument based on linearity gives 

Theorem 48. Assume that ip{r) and ^(t) = with m > 2 satisfy the Sobolev bump 

inequality and that a nonstandard sequence of Lipschitz cutoff functions exists. Let u be a 

nonnegative bounded weak solution to the equation Cu = (p in B(f),r), so that ||(/>||x(s(o,t-)) < c»- 
Then with C {ip, m, r, v) as in Theorem m above we have 

II + 4>\\x(B(0,r))Y ||L“(B(0.r'/2)) < \/C'(m,r) (^\\ (u + (/>|| X(B(0,r))) ^ ||L2(dM,.)) ’ 

C {(p,m,r,i/) < exp [C"(m) (1 + In if)™]. 

’^+ll0llx(B(O,r)) 


Proof. Given u we set u — 


I (“+ll<i’llx(B(0,r)) ) Ilf; 


and (j) = 


apply Theorem l47l to to get 




I (“+ll0llx(B(O,r)) ) Ilf; 


-. Now 




l|w^llL”(B(0.r/2)) < \/C{(p, m, r, z/), 


which is 


(u + ||<?!>|lx(B(0.r))) llL“(B(0.r/2)) < iT,rn,r, v) (u + ||(/>|lx(B(0,r))) 


L^{d.Ur) 


1.3. Bombieri’s lemma for sub solutions with /3 < 0. To handle negative powers of 
the solution we will use the following adaptation of a lemma of Bombieri. In our application below 
we will substitute w = ^ where u is a weak solution, so that with 0 = ,5 > 0 we have that = u~^ 
is a weak subsolution to which our Inner Ball inequality applies. 


Lemma 49. Let 1 < w < oo be a measurable function defined in a neighborhood of a ball 
B {yo,ro). Suppose there exist positive constants t , A, and 0 < uq < 1, o > 0; and locally bounded 
functions ci{y,r), C2(y,r), with 1 < ci{y,r),C2{y,r) < oo for all 0 < r < oo, such that for all 
B {y,r) C B {yo,ro) the following two conditions hold 
( 1 ) 


(5.8) 


esssup < Cl {y, vr) ) 

x^uB{y,r) 


\B{y,r)\ 


W 


29 


B(y,r) 


1/2 


( 2 ) 


for every 0<iyQ<v<^,0<0<^/‘2,, and 


(5.9) 


s\{x e B {y,r) : logw > s + a}| < C 2 (y,r) \B {y,r)\ 


for every s > 0. 

Then, for every v with 0 < uq < v < 1 there exists b = b{iy, r, ci, C 2 ) such that 
(5.10) esssup w < 6e“. 

B(y,vr) 

More precisely, b is given by 

b = exp (<7(^0, A r)c 2 (r)ci (r)), 


c*i = c* {y, r, v) = esssup Cj {y, sr ), 

iy<s<l 


where 

(5.11) 


j = l,2. 
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and the constant C{iyQ, A,t) is bounded for vq away from 1. 

Proof. Fix uq < u < 1. Define 

D(p) = esssup (logw (y) — a) for ur < p < r. 

xeB{y,p) 

First, note that if D (z/r) < 0 then estimate (15.101) holds with any 6 > 1, therefore, we may assume 
il{p) > 0 for all ur < p < r. We then decompose the ball B — B [y, r) in the following way 


B = Bi\jB2 


1 , 


= {y & B -.logw {y) - a > -Vt{r)) \J \ y & B -Aogw {y) - a < -Vl{r) \ . 


For simplicity, we will write Ci (y, r) = Ci(r), i = 1, 2. We then have 

exp (20 (logic — a)) 


e-29a / ^29 ^ 


< j exp(20D(r)) + J exp(0D(r)) 

Bi B 2 


since 29 (log w — a) < 20f2 (r) by definition of D, and since y G B 2 implies that 29 (log w — a) < 
20iD (r). Thus by condition (15.91) we get 


„-2ea f29 < g2eaM^^ 1^1 ^ ^9n(r) 1^1 

J V ) 


and hence 
(5.12) 


^-2ea 


B 


' ^29 < 2 c 2 (r) ^29n(r) ^ 


n(r) 


Since 9V, (ur) — logesssup 3 ,gj,B — 9a, we have, using first (15.81) and then (I5.12L that 


/ 

V (ur) = - log esssup — a< - log ci (ur) ) 

9 x^vB 9 


1/2N 


V 


1 

W\ 


w 


29 


— a 


(5.13) 


< 


iog(c,MCO".-.r) + li„g||^| 


..29 \ -29a 


(5.14) < 

Consider first the case 

(5.15) 


log (ci (ur) e^('" 1--) ) + ^ log 

V(r) 


0 < 


n(r) ^°^\ 2 c 2 (r) 


2 c 2 (r) 
n(r) 

< 1 / 2 . 


^29n(r) _|_ ^9fl(r) 
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In this case we can choose 0 = log ^ 2 ci[r) ) > terms in brackets on the right- 

hand side of (15.141) are equal, i.e. (2c2 (r) /fl(r)) and so 

n(i^r) < ilog(ciMe^('''Ti;)^) +^log( 2 e®f^M) 

= ^ log ^\/2ci (lyr) 'j + ^n(r) 

^log ^v^ci (ur) 


(Sm) 


+ 2 I ^ ’ 


log ^\/2ci (i^r)e ^ l — i^) ^ 




n (ur) < -fl (r). 

y / 4 


where in the final equality we have used | = — Pnt) \ from the definition of 9. If 

i°s(255FTj 

j, then 

(5.16) 

Otherwise, 

(5.17) 

Altogether, we have shown that if (15.151) holds, then either (15.161) or (15.171) is satisfied. This leads 
to 

3. 


< 


log ^v^ci ^ ^ 


' n(r} ' 

. 2 ^ 2 (TT, 


> which can be rewritten as 


O (ur) < O (r) < 2 c2(7’)4ci (ur)^ g 4 - 4 (in j_^) 


(5.18) 

We now set 


O (ur) < -O (r) -f 8c2(r)ci (ur)^ e4'4(in i_„) ^ uq < u < 1. 


j-i 


= uo + - V (1 - uo) 

rv 


f.L 


fc =0 


where 


Then 


and 


j In(4/3) 

1 


1/t 


, j = l,2,..., 


a 


= a(i/o, A,t) = '^{ 1 - Po) 
k^O 

1 

+ l = - (1 - 

a 


i+- 


jln(4/3) 


1 /t 


-1 


jln(4/3) 


l -‘'0 / 


1/t 




Uj + l ui 


1^0 


J/Q 


|i+ 


1 / 


- > ^0, 


by the definition of a. Thus, uq < Vj jvj+i < 1 for all j > 0, and 

0 < uo < 1^1 < ■ ■ ■ < < ■ • • < 1 - 
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Also note that Vj is chosen such that 


4Aln-1- 

e V ■'3+1 ■'3 J = e 


4A(ln^)\ (^4 




1 +—^ 

I_ 1 I , 3 ln(4/3) 1 

V ) 


Then, for j > 0, from (I5.18P we have 




V 


^ ^ + 2 c 2 (uj+ir)ci - t^j+ir e V ■' 3+1 


’'' 3+1 


4 4A In-V- 


< (i+j+ir) + 2c2{vj+ir)ci {vjr)‘^ ‘' 3+1 "j ) 


< {vj+ir) + 2c2(uj+ir)ci I 






1 +- 


In 1 + 


jln(4/3) 

8 A(lnT%)" 


T 7 T 


< 


^f2(i/j+ir) + 2c2(uj+ir)ci 


i+c/-!/- 


Concatenating these inequalities, we obtain 

J-l /gN fe 


f2(uor) < + 2c2(ufe+ir)ci (ufcr)‘‘e‘‘^0" ^-"o) 




< 


n (r) + 2c2(r)ci (r)^ 1—'o) 


f-i /gx 


fe =0 


where and C 2 are given by (jS.llI) and where we have used both that < 1 and, since fl is 
increasing, that fl {vjr) < (r). Letting j —> 00 , we obtain 


Thus we have 
(5.19) 


Vl{vr) < C{vo,A,T)c 2 {r)cl {r)* . 


esssup w (x) < exp (c{i3o, A, T)c 2 {r)c\ e" 

■(Z R('i, Jy^r•^ A 


x£B{y,i3Qr) 

in the case that (15.151) is satisfied. 

Finally, in the case that (15.151) is violated, then either log ^ 2 qC) ) — which case 

n (ur) < n (r) < 2 c 2 (r) , 

? 7 ) (^h) - ’^'hich implies that 

1 


(5.20a) 


0 < - log n (r) < log 


2 c 2 (r) y ■ 
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However, C 2 > 1 implies log (I/C 2 ) < 0, and so (I5.20al) is not possible. Thus, in the case that (15.151) 
is violated, we have the inequality 


esssup w {y) < exp ( 2 c 2 (r)) e“. 


Lemma SHI now follows from this last inequality and (15.191) by taking 

5 = max|exp C{vq, A,T)c* 2 {r)c\{r)'^ , exp [ 2 c 2 (r)]| = exp C{vo, A,T)c 2 {r)c\{r) 


1.4. The straight across Poincare estimate. In order to obtain Theorem ISTl below, we 
want to apply Lemma |49] to the reciprocal = of a positive subsolution u. The following lemma 
shows that (ESD actually holds for both u and =. Recall that the doubling increment 5y{r) is 
defined so that 

(5-21) \B{y,r-5y{r))\ = ]^\B{y,r)\. 

We will also use the following specific cutoff Lipschitz function (j)^ satisfying 


(5.22) 


supp 

{x : {x) = 1} 

\\\'^ A(t^r\\\L°°(B{y,r+Sy{r))) 


C B(y,r + (5j, (r)) 
AB{y,r + 5y (r)/2) 


Lemma 50. Let u G be a nonnegative weak solution of 13.1\) in LI, let B = B (y, r) C 

B {y,r + Sy (r)) C fl, and letu = u + m{r), m(r) = ||(/'||loo or more generally ||^||x(B(y r)) 

r < tq. Assume that Sy (r) satisfies Sy (r) < r for all y € LI and 0 < r < dist (y,dLl). Then there 
exists a constant Cw depending on the constant in the Poincare ineguality such that for all s > 0 


(5.23) 

(5.24) 


s |{a: G R : logM > s + (log «)h}| 


X G B : log(-) > s — (logu), 
u 


< 


< 


Cw 


Cw 


\B\r 

Sy{r)’ 

\B\r 

Sy{r)^ 


and 


where B = B {y,r) C B {y,r + Sy (r)) C Ll. 


Proof. As before, we set u = u + ||<?!>|Iloo or more generally u = u + ||'?i'||x(B(j/ r)) if ^ 

and u = It + m for m > 0. In the latter case we will let m —^ 0 at the end. It is easy to check that 
logu G W^‘^{Ll), and for any s > 0 we have 


s\{x G B ■. logu 


(logu)^ > s}| < 



Applying the (1,1) Poincare inequality ()1.23l) we obtain 


(logw)5l. 


s |{a; G R : logu - (logu)^ > s}| < / |logu - (logu) 5 | < Cpr / |VAlogu|. 

J B J B 


Therefore, in order to prove (I5.23|) it is enough to show 


(5.25) 


[ iV^logul < C 
J B 


\B\ 


Sy (r)' 
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Consider equation (13.21) and substitute w = ^ with ip G Wq'^ {B {y,r + dy (r))) as in l|5.22|) to 
obtain 


lB{y,r+Sy{r)) 

j 

I B{y,r+Sy(r)) 


|Va logu| 


(5.26) 


J B{y,r+Sy{r)) 

< i |B(y,r + dy (r))| + — ^ f 

v) J B{y,r-\-6y{r)) 


— ^2 


(f (V log u) AV(f 

(p|VAlogu| , 


where we have used Holder’s inequality and the third property in (15.221) . 

Now, by the Holder and Cauchy-Schwarz inequalities we have 

2/ (p\WA'^ogu\<e\B{y,r + Sy{r))\+e~'^l (^^iV^logu 

J B(y,r+S„(r)) J B(y,r+S,,(r)) 


for all e > 0. Taking e = 3 -^ and multiplying by 3 - 7 ^ it follows that 


Syir) 


2C 
Sy (r) 


[ (^|VAlogw| - \B{y,r + 6y{r))\< f |V ,4 logu|^ 

J B(y,r+Sy(r)) \^yv)J J B(y,r+Sy(r)) 


Applying this estimate on the left of (15.261) we obtain 


C 


(^) JB(y,r+Sy{r)) 


ip\S/A logwl - 


c 


5y (r) 


— J.2 

and, re-arranging terms. 


< T^\B{,,r + SArm + -^^ 


I B{y,r+Sy(r)) 


(^|VAl0gu| < 


B{y,r+Sy{r)) 


c 


\B{y,r + Sy{r))\ 


ip |VAlogu| , 


< 


< 


5y (r) _ 

Cr^ Sy (r) 

C 


\B{y,r + 5y (r))| 


(t) 

C 

^y W 


B{y,r + 5y (r))| 


\B{y,r)\. 


where in the second inequality we used that 5y (r) /r < 1 and that C > 1 , and in the last inequality 
the definition of the duplicating rate 5y, (15.211) . This concludes the proof of (15.251) and so (15.231) is 
established. The proof of (15.241) proceeds in a similar way: 


s |{a: G H : log(l/M) > s - (logM) 5 }| = |{a; G H : log(l/u) - (log (l/u))^ > s}| 

< [ |log(l/u) - (log(l/u))s| 

J B 

< CpT / |V ,4 log (1 /m)| ■ 

JB 

Then (15.241) follows from (j5.25|) after noting that |Va log (l/u)! = |VAlog(u)|. In the case (j) = 0 
we note that the constants are independent of m > 0 , so the result follows for u = u by letting 
m —>■ 0. I 
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1.5. The infimum half of the Harnack inequality. We can now establish half of a weak 
version of the Harnack inequality. 

Theorem 51. Assume that ip{r) and $(t) = ^rn{t) with m > 2 satisfy the Sobolev bump 
inequality that the (1,1) Poincare inequality hl.23\) holds, and that a nonstandard sequence 

of Lips chit z cutoff functions exists. Let u be a nonnegative weak solution of Cu = (f in B (y, r) with 
A-admissible 4>- Then, for any 0 < uq < u < 1 as in Lemma [7^ the weak solution u satisfies the 
following half Harnack inequality, 

(5.27) s < ^ essinf^^ (u (x) + ||())||x(B(„,r-))) ^ 

where with c* as in 


b'^ = exp 


64cl {r) c*{r) 


\4r 


c{i-vY 

Proof. By the Inner Ball inequality in Theorem l48l for u = u +\\( j )\\ x ( B{y r )) P ^ (“1/2, 0), 
there exist a locally bounded function ci(y,r) and a constant r such that for all uq < u < 1 

(5.28) esssup^gB(y^^^) u {xf < a {y, vr) e^(^" t^i) 

Indeed, the constant C {ip, m,r) = can be written in the form 

C{ip,m,r) = 

using the definition of K in (15.21) . Also, by Lemma [50] we have that there exists Cw such that for 
all s > 0 

s |{a; G B : log(l/?l) > s - (log?l)^}| < Cw-^'' ^ 


(!■) ' 


Cwr 


Then, using (15.2811 for the range —1/2 < /3 < 0, we apply Lemma|49|to w = ^ with C 2 {y,r) = 
and a = — {logu) ^ to obtain 


(5.29) 


esssup 

B{y,L'r) 




2. Bombieri and half Harnack for a solution u < fj 


As a result of the considerations in Section |5l we must abandon one of the three numbered 
properties listed there, and it will be the submultiplicativity. Our new bump function will instead 
be supermultiplicative, and this has already played an important role in the proof in our Orlicz- 
Sobolev bump inequality. 

For t < ^ for some hxed M large enough, and m odd recall that we defined 

vI/(t) = Ae(^‘''‘)”-')"‘, 


where A > 0 was chosen so that ((O, jg)) = (O, ■^), namely. 


A = e(0"A^)'^”+i)’” 


> 1 . 


-InM 
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More generally, for m > 1 we define 




The inverse function ^ is given by 


s = 


Ini 


+ 1 


= In 


(t) = Ae 
A 




Ini 

t 


In- 
s 




v[/ (s) = t = e 

We will below modify the graph of for t > -jg to be linear. 

But first note that the following properties hold M sufficiently large. 

(1) For t < 1/M, 


i+i 


(5.30) 


^-\t) = 






if m is odd 
if m > 1 


(2) ^'(f) is increasing on (O, 

(3) ^'(t) is convex, 

(4) 4>(t) is A-supermultiplicative, i.e. A4>(a6) > 4>(a)il'(6). 

For large values of t, t > we now extend T [t) to be a linear function with the same slope 

_ f m is odd 

(l^) at t = jg. We then have 4' ^(t) = < _/ for t < and 

[ e V " ‘ J if TO > 1 

that is linear for t > The following properties of 41“^ (t) follow from the properties of 4'(t) 
above and the linearity of the extension. 

( 1 ) ^-'(( 0 , 1 ^)) = ( 0 , 1 ^), 

(2) 41 ^{t) is increasing, 

(3) 4'“^(t) is concave. 


2.1. Iteration and the Inner Ball inequality for super solutions 4i*^ ^'>u with iV > 1. 


Recall that 4/ (f) = A^e 


for t > 0 small and some m > 2. Assume we have the 


Orlicz-Sobolev inequality with 4i bump and superradius ip: 


(5.31) 



<Cp{r{B)) [ \VAiw)\dfi, 
JB 


W G. Tipcompact {dd) . 


We will iterate the following Moser inequality to obtain the Inner Ball inequality. Recall the 
sequence of balls {Snj^o and cutoff functions defined in (I1.22F 
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Lemma 52. Let u < ^ be a weak supersolution to Lu = (j) with (f> admissible and for > 1, let 
b-N (t) = (t) be as in Define 0 (t) = ^In t as in hS.lbXl . Then 0 


IS concave 


and for all n > 0. 

(5.32) J /ijv-i (m)^ d/i < III ^C're0 h^ (u)^ dfj^'^ , N 


> 1 . 


Similarly, if u < ^ is a weak subsolution to Lu = fi with (f> admissible, and if h^ {t) = if), 

then 

J hN+i{uf dfi <'i> ^Cn& (^J hNiufdpi^'^, N>1. 

Corollary 53. Let hk (t) = \/W^i~(t) for fc G Z. Then we have for all n > 0, 

(5.33) J (w) {u) df?j'^ , fceZ, 

J hk+i{ufdfi < 'i'^CnQ (^J hk{uf dp^ , k 


G Z. 


Proof of Lemma 1521 We apply the inhomogeneous Orlicz-Sobolev inequality (I5.3ip with 
w = if^h (u)^ to obtain 




(- 1 ) 


(/i(m)^') d/.t) <C(p{rn) [ ||Va ('0^d(u)^)|| d/I. 

'n + l ^ ^ / dB„ 

For the right hand side we define fc'(t) = -\/|A(t)| to write 

[ \\VA{i^lh{uf)\\<2 [ i;lhiu)h'{u)\\yAu\\+2 [ ^^WVAi’Jhiuf 


= 2/ ip^ ^^jj^^^ 'f„k’{u)\\VAu\\ + 2^ J 'flh{u)‘^^ J llV^V'nf 

^ 2 f / h {uf d/i^ ( f '>PI \\'^Akiu)f dp 


|A(t)| 




\\VA'f’nf h{u)- 


Now we use Cauchy-Schwartz to dominate the above by 

1 f ^.{h'{u)f 




h{u) dp + p{rn) / '0„ ||VAfc(u)|| dp 


^{r„)J |A(t)| 

+ —7-T- / 1plh{u)‘^ + P (rn) [ \\VAfjnf Huf- 

T [fn) J J 
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Combining these three inequalities we obtain 


+ Cip '^l\\'^AHu)f d^J, + J \\yAlpnfh{u)‘ 

Suppose first that u < -jg is a weak supersolution to Lu = (f) with (p admissible, and that [t) = 
(ly Now recall from Lemma 1551 that 

j i’l AkNiu)f dfl <C j [p:l + WVAtpnf) 


and so using > c > 0 we have altogether that 




Ik (jijsr dfi 


< 


Cj ('0n IIVAV'nf) (uf dfj. 


< C{ip,n,rof [ 

Jb. 


|AAr(t)| 




|AAr(i)| 


where 


C {(fi, n, ro) = y/C{l + (p (r„) || Vai/’„|1^) • 
Now we use the second inequality in Lemma |39] to conclude that 


where 




(jjN (uf'j d^ 


< 


C{ip,n,roy 


m — 


-0 (^y h^i (u)^ dfj^ = CnQ hN {u)^ d^j, 


C„ = (1 + (r„) II VaV-JL)' ■ 


lit 2 lit 2 

The case when w < is a weak subsolution to Lu = (p with p admissible, and when (t) = 
is handled in similar fashion. | 

Now we define a sequence {S„}^p of positive numbers by 
(5.34) Bo= [ (u) B„+i = 4- (^0 (B„)), 

JB(O.rn) 


In In ^ . 


1 in in _ J L 

, . -L I 1 'iP(t) 

where 0 (t) = t (in j ^ = t ”* . Here Bn refers to a positive number rather than a ball, 

but the meaning should be clear from the context. 


Remark 54. Using dt [t) = Ae 


In In 


- Ini -+1 


we obtain 


vE-(t) 


= In 


In • 


1 —\nA 
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and hence that 


e{t) 


t In 


^{t) 






upon using the approximation 

In In —« In In —. 
^{t) t 

We also have 


and since 


(6 0 »)(!) = »(() 


m 



we have the approximation 

(0o^')(t) Ri ^ (t) ^Ini 

Note that since (0 o iji) (t) ^ 'll (i) as t ^ 0, it will be harder for iterates of 'll (C„0 (•)) to ‘catch 
up ’ with iterates of 'll. 



The inequality (15.331) and a basic induction using 

Bn+l = 4'(C„0(B„)) 

= 4'(C„0(«'(C„_i0(B„_i)))) 

= 4 - ( C „0 («- ( C „_10 ( 4 ' ( C „_20 ( S „_ 2 )))))) 

= {Cn (0 O «-) (C „_1 (0 O 4-) (C„_20 (B„-2)))) 
= «'(C„0o4-(C„_i0O«'(C„_20(B„_2)))) 


= (C„0 o 4- (C „_10 o (C„_2...0 O {Cn-lO ...))) 


shows that 
(5.35) 




lB{0,r„) 

At this point we require the following two properties of the function 'll relative to the solution w. 

-1 


(5.36) 

and 

(5.37) 


lim inf 

n—>oo 


V]/(") 


'B(0,r„) 




lim inf 

n^oo . 


\I/0) 


{Bn) < C{ip,m,r) 
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The combination of (15.361) . (15.351) and (15.371) in sequence immediately finishes the proof: 


(5.38) (u) 




< lim inf 

n—>-oo 


< lim inf 

n—>-oo 




-1 


I B{0,rn) 


(n) dfi. 


vI/(") 


n -1 


(Bn) < C{(p,m,r). 


The two properties (15.361) and (15.371) now follow from Lemmas [56] and |58| below with 


Bn = 


[ (m) < B'o (m, K) = 6-^(1"^)"*. 

J B{0,ro) 


We now give an estimate for the constant C{ip,m,r). Recall C{(p,m,r) = C* and by (15.441) . 

C* = An = 

i.e. 

(5.39) C{(p,m,r) = e~‘^° < exp — + (InM)^/"* + 7 + InLCj 

Recall that C„ = C (1 + v? (^n) II^Ai/'nlloo)^- Using (I1.22L we can dominate Cn by 


(5.40) 


Cn<Cil + ip (r„) II VAiAnlloo)' < U 1 + G 


‘Pi'l-n) 


(1 - v)5{rn) 


I < Kn?, 


where the constant K can be estimated as follows 

K = 


C^P (rp) \ 

(l-i/)(5(ro)y 

Just as in the previous section, an argument based on linearity and tracking constants using 
()5.38[) gives this. 

Theorem 55. Assume that f{r) and $(t) = 4'm(t) with m > 2 satisfy the Sobolev hump 
inequality mw, and that a nonstandard sequence of Lipschitz cutoff functions exists. Let u be a 
nonnegative bounded weak solution to the equation Cu = (p in B{0,r), so that ||(/>||x(B(o,r)) < 00 . 
Then we have a constant C{ip,m,r), such that 


||4'( (m + ||(()||x(B(0.r))) ||L~(B(0.r/2)) < C{(p, ITl, r)\\'it‘^ (u + || (/)|| X(B(0.r))) II , 


where 


C(ip, m, r) < exp [G'(m) (G + InRT)™]. 


2.1.1. The recursion lemmas. We now introduce some further notation. Recall G„ < Kn'^ by 
(15.401) . Given Bq > 0 and Aq > 0 we dehne two sequences (with the Bn now larger than in (|5.34p l 


Bn = ^{Kn'^e{Bn_i)), 


and 


First note that provided < 1/M we have 
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provided Kn'^Q < 1/M. Moreover, since A > 1 we have An < Next, 

and denoting a„ = — (InAn)'^ we have 


O-n — flra-l + 1 — oo + n. 

Also with 6 „ = — (in > 0, we have from the above that 

bn = {-\n{Kn^O (i3„_i)))“ + 1. 
We now rewrite 0 (Bn-i) in terms of bn-i 


/ r 1 I'm \ 

Q{Bn-i)=Bn-i (^[(-lnS„_i)™ +lj -InAj 






+ 1 


-In A 


so that we have 


bn — 


6;i‘_i-ln(/fnT')-lnA--lnQ(6™_i-lnA)™ + ij -InAj 


- 1/m 


+ 1 ; 


provided > (InM)^^"* for all n. For convenience in notation we will replace K by KA so that 
the term — In {KvA) — In A is replaced by — In (KrA) and we have 


(5.41) 


bn. — 




{Kn^)-^\n[[{b//_,-\nA)- + 


-In A) 


1/n 


1 . 


We need the following two lemmas to obtain (15.361) and (j5.37l) . For (I5.37|) we need the following 
comparison Lemma. 


Lemma 56. Given any m > 2, K > e and 7 > 0, consider the sequence defined by 
Bo>0, = 4'(iF(n+l)^0(B„)). 

Then for each sufficiently small positive number Bq < BQ{m,K), there exists a positive number 
C = C{BQ,m, M, K,"f) < 1/M, such that the inequality 

> Bn 

holds for each positive number n. The number B^ijn, M, K, 7 ) can be taken to be , 


Proof. We first note that it is enough to show that Bn < A„ where A„ is defined as above with 
Ag = C. In terms of and a„ it suffices to show that for each sufficiently large 60 > 5o(to, M, K, 7 ), 
there exists a number og > (In such that the inequality > og + n holds for each positive 

number n. We will prove the claim by induction on n. Let 


60 > l + (lnM)i/™+7 + lniF + ^ 

fc =0 


In iF + (7 + 1 ) ln(A: + 1 ) 

{k + l)™-i 


Og 


00 


In AT + (7 + 1 ) ln(fc + 1 ) 


fe=o 


(fc + I)"*-! 
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and assume 

(5.42) i,„ > + „ - g >»+! + (!„ M)'/” + 7 + 1„ A'. 


fc =0 


First, the inequality (15.421) is trivial when n = 0. Now we assume that the inequality (15.421) holds 
for a nonnegative integer n, and we will show that (15.4211 holds for n + 1. Recall the definition 
Bn+i = 'i' {K{n+ I)'’'© {Bn)), which requires that we ensure the argument K{n + I)'*'© {Bn) of 
never escapes the interval (0,1/M) i.e. 


K{n + l)'^Q{Bn) < 


M’ 


or equivalently 

(5.43) e{Bn) = e-^«A(\^{b^-\nA)^ + 


-In 24 


< 


MR:(n + 1)^ 

Using the second inequality in (15.421) and the definition 24 = -inM have 

ln©(B„) < (|(lnM)^/™ + - InM - (n + 1 + (InM)^/"" + 7 + Inif)™ 

+ In + 2 + (InM)^^™ + 7 + IniF^ 

Thus, to establish (15.431) it is enough to show 

((luM)^/™ + l)”" - luM - (n + 1 + (luM)^/"" + 7 + IuR:)™ +ln (n + 2 + (InM)^/™ + 7 + InRT 

< — In M — In RT — 7 ln(n + 1) 


or equivalently 

+ 1 + (InM)^^”* + 7 + IniF^ 

> ^(InM)^^™ + IniF + 7ln(n + 1) + In + 2 + (InM)^^™ + 7 + IniF^ . 

Using the binomial expansion for the term on the left we have 
+ 1 + (InM)^^™ + 7 + IniF^ 

> (n + 7 + IniF)™ + m (n + 7 + IniF) ^(InM)^^™ + 1^ + ^(InM)^^™ + 1^ , 

and therefore it is enough to show 

(n + 7 + InRT)™ + m (n + 7 + InRT) ^(InM)^^™ + 1^ 

— In + 2 + (InM)^^™ + 7 + InRT^ — IniF — 7ln(n + 1) > 0. 

Clearly, the left hand side is an increasing function of n, IniF, 7 and (InM)^^™, and we can assume 
IniF > 1 . It is easy to see that the above inequality holds for n = 7 = (InM)^^™ = 0 and InRT = 1 , 
and this concludes the proof of ( 15 . 4311 . 
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We now return to the proof of the induction step and write using (15.411) and the inequality 
(1 — a;)™ > 1 — for a; > 0 small, 


bn+i = fc - In (K(n + 1)^) - - In ( [(6™ - In A) ™ + 1 

\ TO V L 

Init'+ yin (n + 1 ) + In {b!^ — \n A)^ + 1 


> 1 - 


— In A 

1/m 


Ijm 


+1 


— 9 

2 TO 


3 I In iiT + 7 In (n + 1 ) + In ( 6 ™ - In A) ™ + 1 


im-l 


+ 1 


3 1 lniir + 7ln(n+1) + |ln5„ 

> &„ + 1 - ^^2 - 

- 2 TO 

where in the last inequality we used the rough bound In 
using our induction assumption (15.421) we obtain 


(6™-lnA)™ +1 


< |ln 6 „. Finally, 


n—1 


bn+i > bo + n + 1 — 


In it' + (7 + 1 ) ln(A: + 1 ) Sllnif + y ln(n + 1 ) + | In 


fc =0 


(fc + 1) 


m—1 


2 TO 


im-1 


> 60 + n + 1 — ^ 


In if + (7 + 1 ) ln(A: + 1 ) 


k=0 


(fc + 1) 


m— 1 


where for the last inequality we used a rough bound from (j5.42L namely 6 n > R + 1, and the fact 
that TO > 2 , to obtain 


3 1 In itr + 7 ln(n + 1) + | In 
2 TO 


^ 3 In itT + 7 ln(n + 1 ) + I ln(n + 1 ) 

— 4 , 1^m-l 


< 


(n + 1 )^ 

In iC + (7 + 1 ) ln(n + 1 ) 


(n + 1 ) 


m—1 


using that is decreasing. 


Remark 57. Note that we can estimate oq > 1 + (InM)^/™ + 7 + InR by our bound on bo in 
Lemma [551 and it follows that 


(5.44) 


C* = Ao = 


For property (15.361) we need the following variant of Lemma |4T] proven above for a different 
function. 

Lemma 58. Given any Mi > M 2 > M and 6 G (0,1), the inequality 

> ^(") ( — 


M 2 


Ml 


holds for each sufficiently large n > N{M,Mi,M 2 ,S). 
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Proof. Let oq = (In 71 ^ 2 )”* and bo = (InMi)™ > oq, and 



which implies recursive relations 

an = ((on-i + 1)™ - Inyl)™ 

bn = {{bn-i + 1)"* - ln>l)™ 


Lemma will be proven if we show 


(5.45) lim = 00 

n—>-oo 

We can write 

(5.46) 6 ™ - a™ = ( 6 „_i + 1)"* - (a„_i + 1)™ > to (a„_i + 1)"*“^ (&„_i - a„_i) 

First, it is easy to see that bn — an > bn-i — a„_i >...> bo — ag. Indeed, using the IVT and 
induction we get 

b„-a„ = ((bn-i + I)™ - InA)™ - ((a„_i + 1)™ - InA)™ 

> - Tirrr {bn-i — an-i) > bn-i — ttn-i >...> bo — ao 

(i-irar) " 

Thus to show (|5.45p by (I5.46P we only need to show that a„ —>■ 00 as n —>■ 00 . Using the IVT and 
induction similar to the above we have 


an — an-i > ai — ao > 0 

where the last inequality is due to the fact that 4/ is convex, onto, and oo > M. This gives 
an > (oi — ao) n —> 00 as n —>■ 00 which concludes the proof. | 

2.2. Bombieri’s lemma for super solutions with iV > 1. Now we can state and 

prove our Bombieri lemma for use in the concave region. 

Lemma 59. Let 0 < w < -^ be a positive, bounded and measurable function defined in a 
neighborhood of Bo = B{yo,ro). Suppose there exist positive constants t , A, and uq < I, a < In 
(here a will arise as the average oflogw); and locally bounded functions Ci{y,r), C 2 {y,r), with 
1 < Ci(y, r), € 2 ( 2 /, r) < 00 for any 0 < r < 00 , such that for all B = B{y,r) C Bo the following two 
conditions hold 


( 1 ) 


(5.47) 


esssupww < Cl (y, ur)e^(^" 1--) [ wn 

xSt^B |t3| J 


for every 0 < ug < u < 1, V G N, where {w), and 
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( 2 ) 

(5.48) s |{a; G S : log w > s + a}| < C2 {y,r) \B\ 
for every s > 0 . 

Then, for every v with 0 < uq < u < 1 there exists b = b{v, t, ci, C2) such that 

(5.49) esssupw < 6e“. 

B{y,vr) 

More precisely, b is given by 

b = exp {C{v, A, T)c 2 {r)cl {rf^ , 

where 


(5.50) c*(r) = c* {y,r, v) = sup Cj {y, sr ), 

U<S<1 


and the constant C{y, A, r) is bounded for v away from 1. 


J = l,2. 


Proof. Define 


n(p) = esssup (logw (y) — a) for vr < p < r. 

xeB{y,p) 

First of all, we can rewrite the conclusion as Vt{vr) < C{v, A, T)c 2 (r)c* (r)"^. If fl (ur) < 2c2{r) then 
estimate 1)5.491) holds with any C(u, A, t ) > 2, therefore, we may assume D (p) > ^c^ir) > 2 c 2 (p) for 
all vr < p < r. The idea is to find a recurrence inequality for D(rfe) with increasing radii vr = r^ < 
Ti < 7’2 < • • • < Tfc < • • • < r. Let us first fix a positive integer k and let = rfc_i/rfe G (uq, 1). 
We decompose the ball B = B {y, rk) in the following way 


B = Bi\JB2 

= |y G S : logw (y) - a > (rfc)| U |y G B : logic (y) - a < (rs,)| . 

For simplicity, we will write Cj (y, r) = Cj (r), j = 1, 2. As in the proof of Lemma 1^^ we can write 

f 5d-^)(u)= f 

J B J B 

< f f ^(-JV)(e^+“) 

J J Bo 


D(r) 


Using (15.471) this gives 


^,(-N)^^n(ur)+a^ < cf{v)ci (vr) ( (e^+“)^ , 

V J 


where we denote (j){v) = 1 -'^) . 

We now choose N such that the two terms on the right in brackets are comparable, i.e. 




(5.51) 
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which can also be written as 
(5.52) 




^(-^)(e^+“) 2 c 2 (r)' 

Recall that we assumed 2 c2(r)/il{r) < 1. Moreover, for any x G (0,1/M) we have —>■ 1/M 

as —)> oo. This implies that the ratio on the left of (j5.52|) can be bounded above by 1 for all N 
large enough. On the other hand using the intermediate value theorem we can write 

_ 1 _ L = g- 3? - — _ ( 


n(r) 


\]/( ^)(e 2 


+ 0 


n{r) 


-n{r) 


with ^ G + a, n(r) + . We can calculate 


-^ln«'(-i)(e'*) = 

as 


('■' = s(<'-'"M + i)”‘=(i + 


m —1 


m —1 


for s < — In M which gives 


We can therefore arrange to have 


-3r 


■Q(r) 


n{r) 


(s — In^l)' 


cn(r) 

> >C. 


> 1 - 


(InM + In^l)' 


0 (r) 




-n{r) 


> 


n{r) 


n{r) ^ C 2 (r) 

by choosing an appropriate N and using n(r) > 02 ( 1 ’). This concludes (15.521) . There are now two 
cases to consider 
Case 1; 


This implies 


Case 2: 

which gives 
(5.53) 


C(/(u)ci(ur)«'(-^)(e-r^+“) < ^-(-^)(e4f2W+a) 
\l>(-.^)(gf2(^’')+a) < vJ/(-.^)('g|f2(’')+2a^ 


0 (ur) < -fl(r) 


C(/(u)ci(ur)«'(-^)(e^+“) > ^-(-^)(eff*W+a) 


C(/(u)ci(ur) > 


\]/(-.^)(e|f2(r)+a) 

^(-Af)(, 


£Kr) 
e 2 


+a 


We now note that Inili^ ^H^*) is a concave function of s for s < — InM. We can calculate 

\ m —1 

1 \ 


_d 

ds 


ln»l-‘)(e') = +iy" = b + 


ds m \ 


1 


(s — In A) ’ 
1 


(s — ln>l)' 


(s — InR)' 


- < 0 

























69 


2. BOMBIERI AND HALF HARNACK FOR A SOLUTION u < ^ 


If we now write 

we see that is a composition of concave increasing functions. By induction we get that 

ln^f(-^)(e'*) is a concave function of s for s < — InM. This in turn shows 

V]/(-''V)('g|n(r)+o^ 

and therefore 

\]/(-.^V)(g^^+a) j \]/(-A')^g^^^+a^ 

Combining this with (15.531) and (15.511) we obtain 

VL{r) < Cc 2 {r) {(j){v)ci{vr)f 
Thus for each v precisely one of the following happens 
( 1 ) 

0 (ur) < ^fl(r) 

(2) 

f2(ur) < Cc2{r) {cj){y)ci(vr))^ 

Recall that we chose a sequence of radii by the recurrence relation cq = ur, = Vk-i/vk, and we 
now assume that Vk is generated by Lemma 1501 below together with a constant C = C(u, A, r, 4/3). 
Then from the above calculations, for each k we have at least one of the following holds: 

(I) n (rk-i) < (r-fe). 

(II) f2(rfc_i) < 16c2(r) {4>{iy)ci{rk-i)f ■ 

The condition (a) guarantees that < r for all k. Now let us consider the minimal positive 
integer n so that the inequality (II) above holds for k = n. First of all, if this integer does not exist, 
i.e. the condition (I) holds for all integers fc > 0, then we have Vl{vr) = n(ro) < (3/4)^n(rfe) for 
all k, thus n(i/r) < 0 is a contradiction. On the other hand, if n is the minimal index mentioned 
above, then we can apply the inequality (I) for fc = 1, 2, • • • , n — I and the inequality (II) for k = n, 
and finally obtain 

0(ur) < (3/4)"-' 0(r„_i) < (3/4)"-'.8c^(r)c^ (rf = (32/3)C(u, A, r, 4/3)cJ(r)ct {rf . 

Here we have used condition (b) in the lemma below. | 


Lemma 60. Given constants v G (0,1), H,t > 0 and 77 > 1, there exists a positive constant 
Civ, A,T,'q) > 1 and a sequence {vk}k&+> such that 

(a) Vk e (0,1) and O^i 

(b) = C(y,A,T,ri) ■ rj^. 

Proof. The sequence is completely determined by the condition (II) above if the constant 
C = C{v, A, T, rj) has been chosen. Indeed a basic calculation shows 


Vk 


= l-e-( 




\ 1/t 

) e(o,i). 
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Now we only need to find a constant C so that > u. Since we have the inequality 

n n 

> 1-^ Xk, whenever ccfc S (0,1), 

fe=l k=l 


it suffices to show 


E' 


/ fc In T? + ln C 




This is always true for sufficiently large C > 1 by dominated convergence: 


The series 


=-( 


fclnurj + lr^\l/T 


• Each term satisfies limc’_ 






<ET=1 

k In T? + ln C 


< 00 . 




0 . 


2.3. The supremum half of the Harnack inequality. We can now establish the other 
weak half Harnack inequality. 


Theorem 61. Assume that f{r) and $(t) = 'l'm(t) with m > 2 satisfy the Sobolev bump 
inequality that the (1,1) Poincare inequality \1.2S\} holds, and that a nonstandard sequence 

of Lipschitz cutoff functions exists. Let u be a nonnegative weak solution of Cu = (j) in B {y, r) 
with A-admissible 4>. Then, for any v such that 0 < vq < v < 1, the weak solution u satisfies the 
following half Harnack inequality, 

(5.54) esssup (x) + 


with c* as in Ii5.50\) . 


Cnar iy, r, v) = b^ = exp 


/ 64ct (r)'^c^(r) \ 

V )' 


Proof. By the Inner Ball inequality in Theorem [551 for ^'^u, with u = u+\\4>\\x{B(y r)) 

TV > 1, there exist a locally bounded function ci{y, r) and a constant r such that for all uq < u < 1 

(5.55) esssup^gs(y^^^) (a;) < a (y, ur) T J 

B 

Indeed, the constant C {^p,rn, r) = e'^OnR')’" written in the form 

C{(p,m,r) = 

using the definition of K. Also, by Lemma [50] we have that there exists Cw such that for all s > 0 

\B\r 

s |{x e H ; logu > s + (logu)^}| < Cw . , y 

V j 

Thus we may apply Lemma (591 to w = u with C 2 (y,r) = Cwrjdy (r) and a = (logU)^ to obtain 

(5.56) esssup (m) < . 

B(y,vr) 
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Conclusion 62. If we have both i.e. 

) (“ ■ 

and {5.54-^ , i.e. 

esssup U{x) + UWxiBiyr))] ^ 
then we have the weak Harnack inequality 

esssup (m(x) + <CHar{y,r,iy) essinf (u (x) + j 

x^B{y,ur) ^ ' x^B\y.,vr) \ / 


with 


Cnar {y, r, v) = b‘^ = exp 


( 64ct (r)'^c^(r) \ 

V C{l-ut^ )- 


3. DeGiorgi iteration 

We now recall the basic DeGiorgi argument from pages 84-86 of |SaWh4| . If we set oj (r) to 
be the oscillation of u on B ( 0 , r), 

w (r) = ess sup u (x) — ess inf u (x), 

xeB(0,r) xeB(0,r) 

then uj (r) satisfies inequality (173) on page 85 of |SaWh4| : 

(5.57) a;(c 2 r) < ("l-—^^a;(r)-fcr(r) 

where C 2 is a small positive constant and where a (r) is a positive function vanishing at 0 which in 
the context of |SaWh4| is given by 

cr(r) = m{r) + N {r) \\F\\q + \\G\\g'^ 

= ll/lls + ||g||,) + N (r) ||^^|| , + ||G|| J . 

Here we will take 

= \\<l)\\x(^Bi0.r)) : 

with (j) Dini admissible, so that o' = E^o ll</’llA(B(o,r'=r-o)) < o®- 

Remark 63. This is the one place in this paper where we need to assume that (f is Dini 
admissible. 

The main lemma we use to deduce Holder continuity from a Harnack inequality in the case 
Cnar is independent of r > 0, is a generalization of the DeGiorgi Lemma 8.23 in (see also 

Lemma 63 in |SaWh4p . 

Lemma 64. Suppose 0 < r < 1. Assume 7 : (0,i?o] (0,1) and let co^a be non-negative, 

non-decreasing functions on (0, i?o] so that 

uj{tR) < ^{R)u}{R) -I- (j{R), 0 < i? < i?o- 

















72 
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Suppose in addition that both 

(5.58) 

and 

(5.59) 

Then 


7 (T^i?o) = 0, 


cr(T^i?o) < oo. 

k=0 


lim a; (i?) = 0. 


Proof. The monotonicity and lower bound of the function w guarantee the existence of the 
limit ujq = lim/j_>o w(i?) = info<ij<fl;(, w(i?). Suppose, in order to derive a contradiction, that 
wq > 0. By the recurrence formula, we have 


7(T"i?o) > 




ckir'^Ro) 

uj{t^+^Ro) 


^ ujiT>^+^Ro) 
~ u}{t^Ro) 



crir^RoY 

UJo 


for all k > 0. Our assumption on a implies in particular that a{T^Ro) —>■ 0, and therefore we have 
a{T^Ro) < Wo for k > kg for a sufficiently large ko. Now by ()5.58|1 we have 


0 = n ^ n 

k—ko k—ko 

which contradicts (j5.59ll since 


n 

k—ko 


1 - 


uj(t^+^Ro) [ 

uj(t'^Ro) 

- 

a(T^Ro)' 


UJo 



1 - 


<t>^Ro) 


UJo 


UJo 


uj{t^°Ro) 


n 


tT(r''i?o) 


k—ko 


UJQ 


cr{T^Ro) 

UJo 


by the well-known result that if Xk S [ 0 , 1 ), then 

OO 

J|(l - Xk) = 0 

k^O 


oo 

= OO. 


From (15.571) we see that we may take the following choice of 7 (r) in the lemma above: 


7 (r) = 1 - 


1 

2CHar (r) ■ 


In our situation, the constant Cnar (r) blows up as r —>■ 0, so that 7 (r) = 1 — 2Ch^ (r) to 1, 

and we must show that 

OO 

(5.60) ^ (r'^iio) = 0. 

fc=0 


This is equivalent to 


E 


fe =0 


1 

2Cffar (t^Ro) 


J^(1-j(t^Ro)) 

k^O 


= OO. 
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So for simplicity we take Rq = 1 and 


f in In In 


and compute that for fc > In i we have 

/ 


Cnar {t’") = exp 


In In In ■ 




In In —3^ 

rfc 


= exp I ( In ( In A: + In In — 


, ln("lnfc + lnln— 

(in l)4fc V-7^ 

^ ' (infc + lnln^J 


ln(ln k)\ 

2 infc j ^ exp {2k ), 

so that ^ other hand, if we have Cnar (r) < C (in i) (Inin i), then 

Cffar (r^) =C' ^In In = C In ^In fc + In In 

y ^ 

^ nt-lr 


and 


E 


^ CHarir'^) ycfclnfc 
Conclusion 65. If the Harnack constant Cnar (r) satisfies 


(5.61) 


Cnar (r) < C ^In ^Inln 


r <C 1, 


! + £■ 


r <C 1, 


then ~ continuity of weak solutions to Cu = (f holds provided ||((>||x(b(o r)) ~ 

o(jy^. If however, 

Cnar (r) > C ^In ^Inln 
then ^(t^) ^ method fails to yield continuity of weak solutions. 

In order to complete the proof of Theorem we need only show that (15.611) holds provided 
the doubling increment growth Condition [2T] holds, and we now turn to proving this. Recall that 
the first three conditions imply the following Harnack inequality 

esssup (m(x) + <CHar{y,r,iy) essinf (u (a;) + 

x^B{y,ur) ' ^ xGB{y,ur) \ 


with 


and 


CHar {y, r, v) = b‘^ = exp 


64c); (r) C2(r) 


C(l-u) 


4t 


c*i = c* {y, r, v) = esssup c^- (y, sr), j = 1, 2. 


y<s<l 
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The constants ci(r) and C 2 (r) satisfy the following estimates 


ci(r) 

C2(r) 




c 


S{r)^ 


which implies 


(5.62) CHar{r) « exp . 

Recall that continuity of weak solutions is guaranteed by 

Cnar (r) < C ^In ^Inln , r < 1. 

Combining this with (15.621) we obtain a condition on S{r) 

< Inlni. 
d[r) r 

Without loss of generality we may assume that In S(r) > 1, then using that m > 1 and (p (r) > r, 
we conclude 

c(l„^)”<l.C>i ,«i 

V / ’’ 

where C is a large constant depending on m but independent of r. It is easy to see that the above 
condition is guaranteed by the growth (11.211) in the Introduction. 







Part 3 

Geometric results 



In this third part of the paper, we turn to the problem of finding specific geometric conditions on 
the structure of our equations that permit us to prove the Orlicz Sobolev and Poincare inequalities 
needed to apply the abstract theory in Part 2 above. The first chapter here deals with basic 
geometric estimates for a specific family of geometries, which are then applied in the next chapter 
to obtain the needed Orlicz Sobolev and Poincare inequalities. Finally, in the third chapter in this 
part we prove our geometric theorems on local boundedness, the maximum principle and continuity 
of weak solutions. 



CHAPTER 6 


Infinitely degenerate geometries in the plane 


Here in this first chapter of the third part of the paper, we consider degenerate geometries in the 
plane, the properties of their geodesics and balls, and the associated subrepresentation inequalities. 
Recall from m that we are considering the inverse metric tensor given by the 2 x 2 diagonal 
matrix 


A = 


1 

0 


0 

■ 


Here the function / (x) is an even twice continuously differentiable function on the real line R with 
/(O) = 0 and f'(x) > 0 for all x > 0. The A-distance dt is given by 


dt^ = dx^ H- ^—^dy^. 

This distance coincides with the control distance as in |SaWh4| . etc. since a vector v is subunit for 
an invertible symmetric matrix A, i.e. {v ■ for all if and only if A~^v < 1. Indeed, 

if V is subunit for A, then 


{v^^A-^vf = {v ■ A-'^vf < (A-iu)‘' AA-^v = v^'^A-'^v, 


and for the converse, Cauchy-Schwarz gives 

(z ;.^)2 = < (u‘’'A-iAA-iu) (C*"AC) = (u^-A-iu) (C*’'A^) . 


1. Calculation of the A-geodesics 


We now compute the equation satisfied by an A-geodesic 7 passing through the origin. A 
geodesic minimizes the distance 



where (x, y) is on 7 , 


and so the calculus of variations gives the equation 


Consequently, the function 


_d 

dx 


dy 

dx 


p\n + 




= 0 . 


A = 


P 


1 + 


( dy \2 

P 


dy 

dx 
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is actually a positive constant conserved along the geodesic y = y{x) that satisfies 



Thus if 7 g denotes the geodesic starting at the origin going in the vertical direction for a; > 0, 
and parameterized by the constant A, we have A = / (x) if and only if ^ = oo. For convenience 
we temporarily assume that / is defined on (0, oo). Thus the geodesic Jq ^ turns back toward the 
y-axis at the unique point (X (A) ,V (A)) on the geodesic where A = f (X (A)), provided of course 
that A < / (oo) = sup^^Q f (x). On the other hand, if A > / (oo), then ^ is essentially constant 
for X large and the geodesics 7 q for A > / (oo) look like straight lines with slope , for x 

’ V^ 

large. Finally, if A = / (oo), then the geodesic 7 q_;^ has slope that blows up at infinity. 

Definition 66 . We refer to the parameter A as the turning parameter of the geodesic 7o a; 
and to the point T (A) = {X (A) ,Y (A)) as the turning point on the geodesic 707 - 


Summary 67. We summarize the turning behaviour of the geodesic 7 q a as the turning param¬ 
eter A decreases from 00 to 0: 

(1) When A = 00 the geodesic 7 q is horizontal, 

( 2 ) As A decreases from oo to f ( 00 ), the geodesics 7 q a are asymptotically lines whose slopes 
increase to infinity, 

(3) At X = f ( 00 ) the geodesic 707 ( 00 ) slope that increases to infinity as x increases, 

(4) As A decreases from f ( 00 ) to 0, the geodesics Jq a turn back at X (A) = f~^ (A), and 
return to the y-axis in a path symmetric about the line y = Y (A). 


Solving for ^ we obtain the equation 

^ ^ jx) 

^X^-f{xf 

Thus the geodesic 70 a that starts from the origin going in the vertical direction for a; > 0, and 
with turning parameter A, is given by 


y = 



fjuf 

\jx'^ - f {uf 


du, 


X > 0. 


Since the metric is invariant under vertical translations, we see that the geodesic 7 ^ a (0 whose lower 
point of intersection with the y-axis has coordinates ( 0 , 7 ), and whose positive turning parameter 
is A, is given by the equation 


y = r] 



X > 0. 


Thus the entire family of A-geodesics in the right half plane is parameterized by (y. A) € 

(— 00 , 00 ) X (0, 00 ], where when A = 00 , the geodesic 7^ 00 (0 is the horizontal line through the point 
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7o.a- 


2. Calculation of A-arc length 

Let dt denote A-arc length along the geodesic 7 q and let ds denote Euclidean arc length along 
Lemma 68 . For 0 < x < X (A) and {x, y) on the lower half of the geodesic Jq ^ have 




^ _ _ 

sjx^-f{xf 

dt. A 

-r\^^y) = I 

^X^-f{xf 

dt , . X 

-r{x,y) = 

\l>? - fixf [1 - f{xY] 


Proof. First we note that y = fj -^M^du implies ^ 

7W 


dy _ fiA'^ 


Thus from dt^ = 


dx"^ + f}.i dy'^ we have 


/ dt 


V dx 


^ = 1 + 


1 f dy 


= 1 + 


fix) \dx 

1 / {xf 


^ =1 + 


1 (dy 


fix) \dx 
A^ 


fixYx^-fixY x^-f(xr 

Then the density of t with respect to s at the point {x, y) on the lower half of the geodesic 7 g is 
given by 


dt 

ds 


dl ^ 

ds 
dx 






A 


y(A"-/(^f) (l + yr^) \/x^-f{xf+f{xY 


X 


A^-/(a;)^ l-f{xy 


Thus at the y-axis when x = 0, we have = 1, and at the turning point T (A) = {X (A), Y (A)) 
of the geodesic, when A^ = /(x)^, we have ^ = j = j^- This reflects the fact that near the y axis, 
the geodesic is nearly horizontal and so the metric arc length is close to Euclidean arc length; while 
at the turning point for A small, the density of metric arc length is large compared to Euclidean 
arc length since movement in the vertical direction meets with much resistance when x is small. 

In order to make precise estimates of arc length, we will need to assume some additional 
properties on the function / (x) when |x| is small. 
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Assumptions: Fix R > 0 and let F (x) = — In f (x) for 0 < x < R, so that 

/ (x) = 0 <|x|<i?. 

We assume the following for some constants C > 1 and £ > 0: 

(1) lima;^o+ ^ (x) = +oo; 

(2) F' (x) < 0 and F" (x) > 0 for all x G (0, R); 

(3) ^|i^'(r)| < |F’'(x)| <C|F'(r)|, ir < x < 2r < i?; 

(4) is increasing in the interval (0,i?) and satisfies < -j for x G (0,R); 

(5) « i forxG (0,R). 

These assumptions have the following consequences. 


Lemma 69. Suppose that R, f and F are as above. 

( 1 ) If 0 < Xi < X2 < R, then we have 

F (xi) > F’(X2) + £ In —, equivalently f {xi) <(—] /(X2). 

Xl \X2 J 

( 2 ) J/xi,X2 G ( 0 ,i?) and max|£xi,xi — < 2:2 < xi + then we have 

|F'(xi)| « |F'(x2)|, 

/(xi) « /(X2). 

( 3 ) If X G ( 0 , i?), then we have 

F"{x) 1 


Proof. Assumptions (2) and (4) give \F' (xi)| > and so we have 

£ Xo 

F {xi) — F {X2) > / —dx = £\n —, 

Jxi X Xl 

which proves Part (1) of the lemma. Without loss of generality, assume now that Xi < X 2 < 
. Then by Assumption (4) we also have Xi < X 2 < (l + Xi, and then by Assumption 
(3), the first assertion in Part (2) of the lemma holds, and with the bound. 


F(xi) - F{x 2 ) 



\F' (xi)| (X2 - Xl) < 1. 


From this we get 

1 < ^ = F{xi)-F{x2) < 1 

which proves the second assertion in Part (2) of the lemma. Finally, Assumptions (4) and (5) give 

F” (x) _ F" (x) 1 _ 1 1 ^ ^ 

|F'(x)|^ -F'{x)-F'{x) x-F'{x)^ 

which proves Part (3) of the lemma. | 
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Lemma 70. Suppose A>0, 0<x<X (A) and 


y = 


f{uY 


du. 


>0 (u) 

Then (x, y) lies on the lower half of the geodesic ^ 

y A|F'(a;)| 

Proof. Using first that ^ is increasing in u, and then that F (u) = — In f (u), we have 


y = 


r 


fiuf 


zdu i 


f{u) 


yjx^-f{uf yJX^-fiu) 

and then using Assumption (3) we get 


-.du = 


fiu) 


r 1 


zdu, 


1 


y '■ 


fW 


du 


1 


rf(.P 


dv 


4 2^\^-f{uf 4(1)^ 2x/F^ 

Now from Part (1) of Lemma [Ml we obtain / (f f pY so 

1 


y ' 




dv 


A — Y A — / (x) f (^xf 


-F'i^)Jo 2^^^ A|U'(x)|’ 

where the final estimate follows from 1 — ^ tz 0 < t < 1, with t = . | 

r / \ 2 

Remark 71. lUe actually have the upper bound y < since F" (x) > 0. Indeed, then 

increasing and for f (x) < X we have 


y = 


< 


r fiuf 

— du = 

/' 

o 

to 

1 

9" 

2 

JO 

1 r 

'fin)\ 

/ 

-F'ix)Jo 2 ^ 

>^"-fin)^ 


f(.u) 


0 -‘^F'{u) Yx^-fiuf 


du 


du = 


fix) 


Now we can estimate the A-arc length of the geodesic 7 q between the two points Pq = (0, 0) 
and Pi = (xi, 2 /i) where 0 < xi < A (A) and 

\2 


yi = 


fiu) 


0 sJx^-P in) 


du. 


We have the formula 


d{Po,Pi)= r dt= r ^dx= j 

Jpo Jpo dx Jo 


F dt , 
ax = 


zdx, 


0 JX^-fixY 
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from which we obtain xi < d (Pq, Pi). 

Lemma 72. With notation as above we have 


xi < d{Po,Pi) < d((0,0), (a:i,0)) + (i((a;i,0), (a;i,yi)) ; 
d{{0,0), (xi,0)) = xi , 


In particular we have d (Pq) Pi) ~ xi. 

Proof. From Remark [TT] we have 

d((xi,0), (xi,?/i)) < —^ < 

f{xi) 

and then we use / (xi) < A and Assumption (4). | 


fjxi) 

-AP'(xi)’ 


Corollary 73. |P'(d(Po,Pi))| « |P' (xi)| and / (d (Po, Pi)) «/(xi). 
Proof. Combine Part (2) of Lemma 15^ with Lemma 17^ | 


3. Integration over A-balls and Area 

Here we investigate properties of the A-ball B (0, ro) centered at the origin 0 with radius vq > 0: 
B (0, ro) = {x G : d (0, x) < ro} , ro > 0. 

For this we will use ‘A-polar coordinates’ where d (0, (x, y)) plays the role of the radial variable, and 
the turning parameter A plays the role of the angular coordinate. More precisely, given Cartesian 
coordinates (x,j/), the A-polar coordinates (r. A) are given implicitly by the pair of equations 


( 6 . 1 ) 


i 


y = 


0 


du , 


du . 


In this section we will work out the change of variable formula for the quarter A-ball QB{Q,rQ). 


Definition 74. Let X G (0, oo). The geodesic with turning parameter X first moves to the right 
and then curls back at the turning point T (A) = (A (A), Y (A)) when x = X (A) = (A). If R{X) 

denotes the A-arc length from the origin to the turning point T (A), we have 


R{X) 

YiX) 


.XiX) ^ 

d(0,T(A))=/ , du, 




du. 
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( 6 . 2 ) 


The two parts of the geodesic 7 Qj^,cut at the point T (A), have different equations: 

when y G [0, F (A)] 


y = 


P_ 

Jo 


- lo whenyG [F(A),2r(A)] 


We define the region covered by the first equation for the geodesics to be Region 1, and the region 
covered by the second equation for the geodesics to be Region 2. They are separated by the curve 


y = Y{f{x)). We now calculate the first derivative matrix 
Regions 1 and 2 separately. 


' dx dx ' 

dr dX 

dr dX 


and the Jacobian in 

o(r, a) 


3.1. Region 1. Applying implicit differentiation to the first equation in (16.IL we have 

A 


^ dr dx 
dr dr 


dr dx 


\/X^ - fixf 

A 

-^0 


+ 


r d 

1 - 

1_ 

Jo 9X 

1 

V 

to 

1 

to 

1_ 


where 

A 

dX 

Thus we have 


A 


- f {uY 


dx 

dr 

dx 


i.Jx^-f(uY-x- 


2A 


2\/a2-/(u)^ 


du, 




y-f{uY 


{x^-f{ufy 




x^-f (x) r / (u) 


/ 


-du. 


(^x^-f{ufy 

Applying implicit differentiation to the second equation in (|6.1I) . we have 
dy dx f {xf 


dr dr 


^ ^ ^ ^ f{x) 


+ / A 


fiuf 


du 


dx 

dX 


f{xY 




-A/ {uf 


-du 
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Plugging the equation for || into these equations, we obtain 


% ^ fix) 

dr A ’ 

dy _ f (x)"^ - 
dX 


fiu) 


X 


{x^-fiu)^y 


-du, 


and this completes the calculation of the first derivative matrix 
Now we can calculate the Jacobian 


dx dx 

% fy 

-dr d\- 


d{x,y) 

d{r,X) 


= det 


VA^-/(x)^ VA^-/(x)^ _ nx f(uf 

JO (a2 _/(„)2)§ 


A 


. r , du 


= -y^ - fix) 


fiu)^ 


{x^-fiu)^ 


-du. 


In addition we have 


/' 


fiu) 


{x^-fiu)^y 


-du ; 




where 


v/2 


fiu) 




1 


-du = 


d 

du 


fiuY 




i ;/2 


(x^-fiu)^y 


du, 


1 


2/' (m) -2F' (u) -F' (x) 


and so we have 


fiu) 




-g-dU ~ ^ / - 

(V _/(„)»)’ (V_„) 


-dv. 


By Part (1) of Lemmawe have / (|) < (A)^ / (z), and as a result, we obtain 


/ 




r/fo)" 


-du ; 


-dv 


(V-/(.)“)’ 

Altogether we have the estimate 


1 

2 A 


(6.3) 


dix,y) 


d (r. A) 


x-jx^-f{xr 


fixY 


From Corollary [73l we also have 
(6.4) 


-F' (x) 
dix,y) 


dir,X) 


X 


fix) 


X^\F'ix)\ 


X^\F' (r)| 
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3.2. Region 2. In Region 2 we have the following pair of formulas: 

I'X. \ 


(6.5) 


r = 2i?(A)- 
V = 2r(A)- 


- f {uf 
' f{uf 


:du , 


the 


— . ^=du . 

-/(«)' 

where we recall that i? (A) = ^ du is the arc length of the geodesic 7 o from 

origin 0 to the turning point T (A). Before proceeding, we calculate the derivative of Y (A). We 
note that due to cancellation, the derivative R' (A) does not explicitly enter into the formula for 
the Jacobian below, so we defer its calculation for now. 

Lemma 75. The derivative ofY (A) 


is given by 
rf~^W p", 

Wluf 

Proof. Integrating by parts we obtain 


Y'(x)= ^ 




^du. 


rf~^W ! - A 1 

= -I ■* 7570 “'“ 

F"{u) 


= / - - f{ufdu, 

Jo \F'{u)f^ 

and so from A^ — / (/“^ (A))^ = 0, we have 


y-(A)^o+r‘" ^ 

A li^'WI ,/v~ 


= du. 


Applying implicit differentiation to the first equation in (16. 5p . we have 

A 


^ dr dx 

dr dr 


\J>? - f {xY 


X 


d 


0 =| = 2 R'(A)-|.-^_ , ^_ 


X 


du. 
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where 


A 


A 



/ {uf - A • 


2A 




y-f(ur 


-fjuf 


Thus we have 


dx 

dr 

dx 


\J\^ - f{xf 
A 

A A 



fjnf 

{x^-fiuf) 


du. 


Applying implicit differentiation to the second equation in (|6.5I1 . we have 


% 

dr 


dX 



Plugging the equation for || above into these equations, we have 


dr 


dX 


/(a 


A ’ 

2y' (A) - 


V{xr 


B! (A) + 


X^ - f {x) 
X 


fiu) 




-du. 
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Thus the Jacobian is given by 


d{x,y) 
d (r, A) 


= det 




/(^ 2r (A) - (A) + , du 


= det 


y'\‘^-f{x)'^ y/\'^-f(xf rX f(v 

■ JO 


-du 




(>=-/(«)") 2 




= - V ^ - / (a:) 


/(w) 


(a"-/W') 


-du + ^Y' (A) 
A 


= - V A - fix) 


/(uf ^ , 2 F"(u) 


-du + 


(A2 -/(uf)" ^X^-fiu)- 


-.du 


= - V A - / (a^) 


/(m)^ 


du + 


F" (u) 


(A 2 -/(uf)" ^J\^-fiu) 


zdu > . 


In fact, we have 


fiu)^ 


(x^-fiu)^ 


-du = 


r /(a^) d 

1 

Jo /' (w) du 

-1 

1 

cs 

_1 


du 


/o -F'{u) du yx^-f(u)\ 


du 


d{x,y) 


d (r, A) 


^A^ - / {xf 


-F' (x) 

1 

^X^-fix? 

1 

-F' (x) 

\/a^ - f{xf 

factor of 2, 

/ 1 

1 


x 2 du 


1 


-F' (u) 


du 


F" (u) 


du 


rf Ta) 1 




zdu 


( 6 . 6 ) 


-F'(, 




f H^) p" 


F" (u) 


i^'wr v'v^ 


:du. 



88 


6. INFINITELY DEGENERATE GEOMETRIES IN THE PLANE 


By Assumption (5), we have 


rf W p" 


F" {u) 


zdu ' 




zdu. 


Jo -uF'iu) 

By Assumptions (3) and (4), the function increases and satisfies the doubling property, and 


so 


rf p" 


F" (u) 

\F^iu)f 




zdu ' 


-/-MA)F'(/-i(A))7o 


/-'(A) 


1 




zdu 


1 


A (A) 


-/-Ma)a'(/-i(a)) a 
1 


^-af'(/-ma)) 

since R (A) ~ f~^ (A) by Lemma [72l Finally we can combine (16.61) and (16.71) to obtain 

\J\^ - f {xf 1 1 


d{x,y) 


d{r,X) 


1 

-F' {x) 


X 


-F'if-^X)) -F'if-HX))- 


According to Corollary [721 we also have 

d{x,y) 


d (r, X) 


-F'(i?(A))- 

3.3. Integral of Radial Functions. Summarizing our estimates on the Jacobian we have 

- a4M^ r<RiX) 


d{x,y) 

J 

dir A) 

I 


|F'(/-i(A))| — |F'(fi(A))| when R (X) < r < 2R (A) 
Therefore we have the following change of variable formula for nonnegative functions w: 

d{x,y) 


QB{0,ro 


/•ro POD 

wdxdy = / w 

Jo Jr~^ 


10 JR~^{i) 

pR-\r) 


r^o 


lo 

rR-\r) 


d{r,X) 
w (r, A) 


dX 


dr 


w (r, X) __ /, l A .. dX 


pro 


'0 


IR^ 


|F'(R(A))| Vr-im A^|F'(r)| 

-(r) ^ POO 

w{r,X )-—-^dA + / w(r,X)—:z - dX dr 

Hi) ^ ’\F'ir)\ JR-^r) ^ X^\F'ir)\ \ 


dr 


If re is a radial function, then we have 

pro 


QB{0,ro) 


wdxdy 


w (r) 


/o 


I 


rdXF 




R-I(i) JR-'^ir) x"^ \F' {r] 


-dX 


dr 


r'>^o 


'(r) 


A-i (r) - R-i (§) 
|F'(r)| 


firf 


R-l (j.) 1^/ (^)l 


dr. 
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From Corollary [721 we have R ^ {r) f (r), and so we have 

( 6 . 8 ) [[ w{r)dxdy^ [ w {r)-^J^dr. 

JJb{o, ro) Jo (»^)l 


Conclusion 76. The area of the A-ball B (0,ro) satisfies 


(6.9) 


Pixe&{B ( 0 ,ro)) 



fjro) 

\F^iro)f' 


Proof. Since F (r) = 
and so 


dxdy 


B{0,ro) 


— In / (r), we have F' (r) 


f'jr) 

fir) 


and 


fjr) _ fjr)^ 

-F'(r) f'{r) 


f(r)f 

TW 


rir) = 


r JSfiLdr . r M±dr = r -^^dr 

Jo |J"'(r)| 4 l^'WI 4 \F'ir)\^ 

\F'iro)fJ^^ ^ \F'{ro)f \F'{ro)f 


3.4. Balls centered at an arbitrary point. In this section we consider the “height” of an 
arbitrary yl-ball and its relative position in the ball. Let X = (aii,0) be a point on the positive 
x-axis and let r be a positive real number. Let the upper half of the boundary of the ball B{X,r) 
be given as the graph of the function ip (x), xi — r < x < xi + r. Denote by fix p ^he geodesic that 
meets the boundary of the ball B{X,r) at the point P = (xi + r*,h) where fix p has a vertical 
tangent at P, r* = r* (xi, r) and h = h (xi, r) = Lp (xi + r*). Here both r* and h are functions of 
the two independent variables xi and r, but we will often write r* = r* (xi, r) and h = h (xi, r) for 
convenience. 


Proposition 77. Let fix P! F h be defined as above. Define A (x) implicitly by 

„ r M^) 


■^1 4 (x)^ - /(n)' 


-.du. 


Then 


(1) For xi — r < X < Xi + r we have p (x) < p (xi + r*) = h. 

( 2 ) //r > then 


/(aii+r) 

^ ~ -TT o.na r — r 


\F' (xi + r)| 


|J^' (xi + r)| ■ 


(3) Ifr<jpj^, then 


hps rf (xi) and r — r* ps r. 


We begin by proving part (1) of Proposition [771 First consider the case x > xi + r*. Then we 
are in Region 1 and so A (x) > / (x) and we have 

\2 


p{x)= r 

J X\ 


f(pY 


44444 


zdu. 
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DifFereniating ip (x) we get 


(f' (x) = 


/{xf 


x{xf - f{xy 


f{uf 




-du A {x) X! (x) 


and differentiating the definition of A (x) implicitly gives 

/ 

0 = 


A(a:) 


f{uy 


^A {xf-f{xf (^Xixf - f{uf^ 

Combining equalities yields 

fix? 


■jdu X' (x). 


? {x) = 


\Jx{x? -fix? V^A {x? -fix) 


Xix) 


= -y^ix) - fix) . 


When a; = Ti + r* we have oo = ^ = . , which implies Ala;) = fix), and hence 

\/ Hxy-f{xy 

p' {xi + r*) = 0. Thus we have p (x) < p {xi + r*) = h ioi x > xi + r*. Similar arguments show 
that p{x) < p (ail + r*) = h for ail — r < a; < a;i + r*, and this completes the proof of part ( 1 ). 

Now we turn to the proofs of parts (2) and (3) of Proposition [771 The locus (a;, y) of the 
geodesic /3x,p satisfies 


( 6 . 10 ) 


y = 


fiuy 


^ yx*?-fiu)- 


: du, 


where A* = / {xi + r*). We will use the following two lemmas in the proofs of parts (2) and (3) of 
Proposition 1771 

Lemma 78. The height h = h{xi,r) and the horizontal displacement r — r* = r — r* (a;i,r) 
satisfy 

f (a:i + r*) • (r — r*) < h < 2/ (a;i + r*) ■ (r — r*) . 

Proof. The A-arc length r of Px p i® given by 


/•xi+r* 

Xi 


yx*?-f{uy 


: du. 


Thus 


r — r = 


/■xi+r* 


— 1 du = 


/•xi+r* 


fiuy 


iy?-fin? 

Comparing this with the height h = ^ du, we have 

h 


yX*?-f{u? X* + yX*?-f{u) 


: du 


(A*)2-/(u7 ’ 

h 
X 

This completes the proof since A* = / (a;i + r*). | 


—j- < r — r* —r- 
2A* - - 
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Lemma 79. The height h satisfies the estimate 

1 


h ; 


\F' (xi +r*)\ 
In fact the right hand is an exact upper bound: 


\J f {xi +r*f - f{xif. 




|F' {xi + r*)| 

Proof. Using the fact that _pii^u) ~ is increasing, together with the equation (16.101) 

for the geodesic fix pi we have 


h{xi,r) = 


xi-\-r* {x-]_ ,r) 






: du = 


< 



fiuf 



"-finf 

1 

/■xi+r* 


\F' {xi +r*)\ J 

1 

Xl 

2 V 

1 

1 f{xi+r 

\F' {xi + r*) 


■ du 


d 

du 


fiuY 


: du 


where in the last line we used A* = / {xi + r*). To prove the reverse estimate, we consider two 
cases: 

Case 1: If r* < a:i, then we use our assumption that has the doubling property 

to obtain 


i-xi+r 


h = 


/(w) 


: du = 


V(^*) -/(«) 




fiuY 


^{\*f-f[uf 


du 


xi+r 


d 

du 


fiuY 


1 


du 


-\J f {xi+r*Y - f{xif. 


|F'(a:i +r*)\ 

Case 2: If r* > ici, we make a similar estimate by modifying the lower limit of integral, and 
using the fact that / (it) increases: 


h : 


xi+r 


f(uf 


: du = 





' ^ ' 

lO 

1 


2 f f -21''(u) 

-f{u) 


du 


'\F 


/•xi+r 

" (ail +r*)| Jxi+iA 


d 

du 


fiuY 


: du 


1 


\F' (a;i +r*)| 


2^{\*f-f{uy 


^ f[xi+r*) - / ( ail + y ) . 
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Finally we have 


y / (a;i + r*f “ / + y j ^ f (a;i + r*) Ki f {xi + r*f - f {xif 

by the assumption r* > xi together with Part 1 of Lemma [SHI 
This completes the proof of Lemma [THl | 

Corollary 80. Combining Lemmas\^ and \ yP[ for h = h (xi,r) and r* = r* (cci, r), we have 
f {xi + r*) ■{r-r*)<h< ^ Jf {xi + r*f - f (xif, 


and as a result, 

(6.11) r-r*< 


\F' {xi + r*)| 

sjf {xi +r*f - fixiY 
f{xi +r*) 


< 


\F' (xi + r*)| ’ 


\F' {xi + r*)| 

From part (2) of Lemma \69\ we obtain 

(6.12) \F'{xi+r)\ ^ 

f{xi+r) ~ f{xi+r*). 

We now split the proof of Proposition (771 into two cases. 

3.4.1. Proof of part (2) of Proposition [77] for r > Lemmas 1751 and [7H1 we have 

1 \l f (a^i +r*f - f{xif 


(6.13) 


r-r* {xi,r) = r - r* 


\F' {xi +r*)| 


f{xi+r*) 


We consider two cases. 


Case A; If r* > ri = 2 \ f\xx) \ ’ '"^6 have 


pxi-t-r i-xi+ri 

F {xi) - F {xi + r*) = / (a;i)| da: > / jP’'(a;i)| da; > |F"'(a;i + ri)| • n > 1. 

J Xl J Xl 

Here we used the estimate \F' {xi + ri)| ~ \F' (a:i)| given by Part 2 of Lemma ISHl This implies 

inlhi±;h>i. 


and we have 


fixi) 

sjf {xi +r*f - f{xi) 


1 . 


f{xi+r*) 

Plugging this into (16.131) . we have r — r* k, • The proof is completed using (16.121) and 

Lemma |78l 

Case B; If r* < ri, then we have \F' (xi +t*)| Ri |F' (a:i)| and r — r* > 2 \f\xi)\ ■ Therefore 
we have 

\F' {xi + r*)|' 

Combining this with (16.111) . we obtain r — r* ~ again, and the proof is completed as in 

the first case. 
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3.4.2. Proof of part (3) of Proposition [77| for r < Lemma 1751 and Lemma 


[79] give with r* = r* {xi,r), 

f {xi + r*) ■ (r - r*) fa h{xi,r) 


1 


\F' {xi + r*)| 


\Jf {xi+r*f - fixiY 


1 


f-xi+r 


|F'(xi)| 

1 


2/(w)^ \F' (m)| du 


2f{xi +r*f\F' (xi)! -r 


|F'(xi)| I 

V^f [xi + r*) 


fa( 


where we have used Part 2 of Lemma |69| and the fact r* = r* (xi, r) < r < pppy]-. This implies 


Thus 

[|F' (xi)| (r - r*)]" + \F' (^01 (r -r*)\^ \F' (xi)| r < 1. 

As a result, we have \F' (a;i)| (r — r*) Ri \F' (a;i)| r => r — r* fa r. This also gives the estimate 
for h by Lemma [78l since we already have f {xi + r*) fa f (xi). 


3.5. Area of balls centered at an arbitrary point. In the following proposition we obtain 
an estimate, similar to (16.91) . for areas of balls centered at arbitrary points. 

Proposition 81. Let P = {xi,X 2 ) G and r > 0. Set 

B+ {P,r) = {{yi,y 2 ) G B{P,r) : yi > xi +r*} . 

If x > then we recover i6.9\) 

\B{P,r)\ fa ^ « \B+ {P,r)\. 

|T'(a;i+r)|' 

On the other hand, if r < | we have 

\B{P,r)\ fa r'^f(xi) fa \B+ {P,r)\ 


Proof. Because of symmetry, it is enough to consider a;i > 0 and yi = 0. So let Pi = (a;i,0) 
with xi > 0. 

Case r > pppyj-- In this case we will compare the ball B {P, r) to the ball B (0, R) centered at 
the origin with radius R = Xi + r. First we note that B {P, r) C B (0, R) since if (a;, y) G B {P, r), 
then 

dist ((0, 0), (x, y)) < dist ((0,0), P) + dist (P, (x, y)) < Xi + r = R. 

Thus from (|6.9I) we have 


|P(P,r)|<|P(0,P)| 


nR) 

\F' {Rt 


f {xi + r) 
|P' (xi +r)|^’ 


By parts (2) and (3) of Proposition |77l h fa and r - r* fa when r > 

and so we have 


l-B(P,r)| </i(xi,r) (r - r* (xi,r)). 
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Finally, we claim that 

h{xi,r) {r - r* {xi,r)) <\B {P,r)\. 

To see this we consider x satisfying xi+r* < x < Xi + where xi + is the midpoint of the 
interval [xi +r*,xi + r] corresponding to the ’’thick” part of the ball B {P,r). For such x we let 
?/ > 0 be defined so that (x,y) € dB {P,r). Then using the taxicab path (a;i,0) —>■ (x, 0) —>■ {x,y), 
we see that 

(6.14) X-XI + > dist ((xi,0), ix,y)) = r, 

fix) 

implies 

y > / (x) (r - X + Xi) Ri / (xi + r) (r - r*), 

where the final approximation follows from r — r* k, and part (2) of Lemma [52] upon 

using xi + r* < X < xi + Thus, using parts (2) and (3) of Proposition iTTl again, we obtain 

\BiP,r)\ > [/(xi+r) (r - r*)] (r - r*) 

which proves our claim and concludes the proof that \B {P,r) \ Ki ~ \B+ when 

r>jp7^. 

Case r < jyryyj. In this case parts (2) and (3) of Proposition [771 show that h fv rf (xi) and 
r — r* K. r, and part (1) shows that h maximizes the ‘height’ of the ball. Thus we immediately 
obtain the upper bound 

\B iP^x)\ <hr<f (xi) 

To obtain the corresponding lower bound, we use notation as in the first case and note that (16.1411 
now implies 

(6.15) y >/(x)(r-x + xi) Ri/(xi)r, 

where the final approximation follows from part (2) of Proposition 1771 and part (2) of Lemma [69l 
upon using xi + r* < x < xi + . Thus 

\BiPp)\ Z [fixi)r] (r-r*) Ri/(xi)r^ 

which concludes the proof that \B {P,r) \ ~ /(xi)r^ Ri \B+ (P, t)| when r < ® 

Using Proposition 1771 we obtain a useful corollary for the measure of the “thick” part of a ball. 
But first we need to establish that r* (xi, r) is increasing in r where 

T (xi, r) = (xi + r* (xi, r), h (xi, r)) 

is the turning point for the geodesic 7 ^ that passes through P = (xi,0) in the upward direction 
and has vertical slope at the boundary of the ball B (P, r). 

Lemma 82. Let Xi > 0. Then r* {xi,r') < r* {xi,r) if 0 < r'< r. 

Proof. Let T(xi,r) = (xi + r* (xi, r), h (xi, r)) be the turning point for the geodesic 7 ^ 
that passes through P = (xi,0) and has vertical slope at the boundary of the ball B{P,r). A 
key property of this geodesic is that it continues beyond the point T (xi,r) by vertical reflection. 
Now we claim that this key property implies that when 0 < r' < r, the geodesic 7 ^/ cannot 
lie below 7 ^ just to the right of P. Indeed, if it did, then since B{P,r') C B{P,r) implies 
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h{xi,r') < h(xi,r), the geodesic 7 ^/ would turn back and intersect 7 ^ in the first quadrant, 
contradicting the fact that geodesics cannot intersect twice in the first quadrant. Thus the geodesic 
'y^, lies above 7 ,, just to the right of P, and it is now evident that 7 ^, must turn back ‘before’ 7 ^, 
i.e. that r* {xi,r') < r* {xi,r). | 

Corollary 83. Denote 

B+{P,r) = {{yi,y2) € B{P,r) :yi> xi+r*}, 

B_{P,r) = {iyi,y2) ^ B {P,r) : yi < xi+r*} . 

Then 

\B+ {P,r)\^\B_ (P,r)\^\B{P,r)\. 

Proof. Case r < Recall from Assumption (4) that so that in this 

case we have r < \xi, and hence also that xi — max{£a;i,a;i — §} ~ r. From Proposition IHTl we 
have 

\B{P,r)\ Ri r‘^f{xi). 

From part (2) of LemmalS^l there is a positive constant c such that / (a;) > c/ (xi) for max {exi,xi — §} < 
X < xi. It follows that B- {P, r) (max {£Xi,xi — §} , 2 : 1 ) x (~f / (^^i) r, |/ (xi) r) since 

d((xi,0), (x,j/)) < d((xi,0),(x,0)) + d((x,0),(x,y)) 


= Fi-x| 


\y\ 


r r 
/(x) 2^2 


provided max{£xi,xi — |} < x < Xi and —|/(xi)r <y < |/(xi)r. Thus we have 

\B- (P,r)| > cr^/(xi). 


Case r > 


r. The bound \B_ {P,r)\ < |i3(P,r)| m \B^{P,r)\ follows from Proposition 


- |F'(xi)|' 

El We now consider two subcases in order to obtain the lower bound |P_ {P,r) \ > \B {P,r)\. 
Subcase r > > r*. By (16.111) and part (2) of Lemma [53] we have 

|F' (xi + r)| « |F' (xi + r*)| and / (xi + r) r; / (xi + r*). 

Then by Proposition 1811 followed by the above inequalities, and then another application of part 
(2) of Lemma (691 we obtain 

\B (Pr)\- ^ ^ ~ fjxi+r*) _ fjxi) 

’ |F'(xi+r )|2 ^ |F'(xi+r*)|" ^ |P'(xi)|'' 

On the other hand, with tq = we can apply the case already proved above, together with 

the fact that m (xi, r) is increasing in r, to obtain that 


\B_{P,r)\ > \{iyi,y 2 ) ^ B{P,ro) :yi<xi+r*}\ 

> \{{yi,y 2 ) & B {P,ro) : yi < Xi + {ro)*} 


/(xi) 


|2 ■ 


Subcase r > r* > tevt— rr 


ip'(xi)r 

. Since B (P, r*) C P_ (P, r) we can apply PropositionElto B (P, r*) 


to obtain 


|P_ (P,r)| > |P(P,r*)| 


/(xi +r*) 
|P'(xi +r*)| 


2 • 
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Now we apply ( 16 . 121 ) and Proposition |ST] again to conclude that 


f{xi +r*) 
li^' (xi + r*)|^ 


/ {xi + r) 
\F' (xi + r)|^ 


\B{P,r)\. 






CHAPTER 7 


Orlicz norm Sobolev and Poincare inequalities in the plane 


Here in this chapter, we prove Sobolev and Poincare inequalities for infinitely degenerate ge¬ 
ometries in the plane. The key to these inequalities is a subrepresentation formula whose kernel 
in the infinitely degenerate setting is in general much smaller that the familiar kernel that 

arises in the finite type case. 


1. Subrepresentation inequalities 


We will obtain a subrepresentation formula for the degenerate geometry by applying the method 
of Lemma 79 in |SaWh4| . For simplicity, we will only consider x with xi > 0; since our metric is 
symmetric about the y axis it suffices to consider this case. For the general case, all objects defined 
on the right half plane must be defined on the left half plane by reflection about the y-axis. 

Consider a sequence of metric balls {B centered at x with radii rt \ 0 such that 

ro = r and 

\B{x,rk)\B{x,rk+i)\ |H (a;, rfe+i)|, A: > 1, 
so that B (XjTk) is divided into two parts having comparable area. We may in fact assume that 


(7.1) 


Tk+l 


r*{xurk) ifrfc>p.7^ 

bk if Tk < 


where r* is defined in Proposition iTTl Indeed, if then by (1) in Proposition 1771 we 

have that 


rfc - rfc+i 


1 

\F' {xi + rk)\ 


and then by (2) in Lemma IMl it follows that /{xi+rf^) Ri / (a:i -I-r^+i) and \F'{xi + r^)] ~ 
\F' {xi -I- rfe+i)|, so by Corollary 1551 and (1) in Proposition [73 it follows that 


\B{x,rk)\ 


||H(x,rfe)P|2/i > xi -|-rfe+i|| R! (r^ - rk+i)h{xi,xi +rk) 

1 _ / {xi + Tk) _ _1_ f {xi -l-rfc+i) 

\F' {xi + rk)\ \F' {xi + rk)\ \F' (xi -I- rfc+i)| \F' {xi + rk+i)\ 


{Xk+l - rk+ 2 ) h {XI,X1 + Tk+l) ~ 


^B{x,rk+i){^yi > xi -|-rfe+2|| 


R |H (a;,rfe+i)| . 

On the other hand, if Vk < then by (2) in Proposition|73rfc —r^+i R Xk and h {xi^xi -I- r^) R 

Xkf (a^i), hence by Corollary (831 


\B {x,rk) \ ~ {xk - Xk+i)h{xi,xi + Xk+i) ^ xlf (xi) R xl_^_^f {xi) R \B {x,Xk+i) \ ■ 
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As a consequence we also have that 

(rfc - rk+i)h{xi,xi + Vk) ~ (r^+i - rk+2)h{xi,xi + Vk+i) < (?'fc+i - rk+2)h{xi,xi + Xk) 
so Tk - Tk+i < C (r/c+i - rk+ 2 ) < Cxk+i, which yields 

1 


(7.2) 


Now for > 0 define 


h* (xi,t) = 


C+1 


fXi+t 


rk < Tfe+i. 


P in) 


zdu, 


y/P {Xl +t)- P {u) 

SO that h* {xi,t) describes the ‘height’ above X 2 at which the geodesic through x = {xi,X 2 ) curls 
back toward the y-axis at the point (xi +t,X 2 + h* {xi,t)). Thus the graph oi y = h* {x\,t) is 
the curve separating the analogues of Region 1 and Region 2 relative to the ball B {x,r). Then 
in the case have h* {xi,rk+i) = h{xi,rk), k > 0, where h{xi,rk) is the height 

of B {x,rk) as defined in Proposition [73 In the opposite case Xk < ] 7 V|y 7 y|'j we have Xk+i = ^Xk 
instead, and we will estimate differently. 

For k > 0 define 


E{x,xk) = 


{y ■ Xi+Xk+I <yi < Xi+Xk, \y 2 \ <h* {xi,yi-Xl)} if Xk>jp7j^ 

{y.xi+ Xk+i <yi <xi+xk, I 1 / 2 I < h* (xi, r^) = h {xi,xk)} if Xk < 


where we have written = r* {xi, Xk) for convenience. We claim that 

(7.3) \E{x,Xk)\^ E{x,Xk)[^B{x,Xk) !=i\B{x,Xk)\ for all fc > 1. 

Indeed, in the first case Xk > the second set of inequalities follows immediately by Corollary 

|83l and since E {x, Xk) C B {x, Xk-i) we have that 

E {x,Xk)f]B {x,xk) < \E {x,xk)\ < \B {x,Xk-i)\ 

< \B{x,Xk)\< E {x,Xk)f]B {x,xk) 


which establishes the first set of inequalities in (17.3p . In the second case Xk < 




we have 


\E{x,Xk)\ = -^Tkh* {xi,xl) K. {xk - x*k)h{xi,x*k) « \B{x,Xk )\, 
and from (I6.15p with {x,y) G dB {x,Xk), we have 

y > f (x) (rk - X + Xl) « / (xi) Xk, 


for all X € [xi,xi + x] since we are in the case Xk < 


|F'(xi)| 


. It follows that 


E{x,Xk) nB{x,Xk) D 


, Xk , 3rfc' 
a;i + y,xi + — 


X [-c/(xi)rfc,c/(xi)rfe] 


and hence that 


\E{x,Xk)r\B{x,Xk)\ > -cxkf{xi)xk Ri \B{x,Xk)\ > \E {x,Xk) (1 B {x,Xk)\ ■ 


This completes the proof of (17.31) . 
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Now define T {x, r) to be the set 


r (x,r) = y E{x,rk). 




Lemma 84. With notation as above, in particular with tq = r and ri given by and 

assuming w = 0, we have the subrepresentation formula 


(7.4) w{x)<C [ \VAw{y)\ 

dr{x,r) 

where Va is as in il.lO]} and 


d{x,y) 


B[x,d{x,y))\ 


dy, 


d(., S) s mi.. (X,„), j ■ 

Note that when / (r) = is finite type, then d {x, y) ~ d (x, y). 

Proof. Recall the sequence of decreasing radii above. Then since w is a priori Lips- 

chitz continuous, and ?« = 0, we can write 


' (x) = lim 


1 


fc^oo \E{x,rk)\ JEixAk) 

1 f 


w (y) dy 


= Y1 iT?f —u / ^^y~ 

fA [ \E{x,rk+l)\ JE(x,r,+i) 


\E{x,rk)\ 


/ wiz)dzp 
J E{x,rk) } 


and so we have 
\w{x)\ 


< 


< 


< 


\w (y) — w (z)| dydz 


E -^- 2 / 

k=i\B{x,rk)\ JE{x,rk+l)xEix,rk) 

E—^ [ 

k=l\E{x,rk)\ J E{x,rk+l)'xE{x,rk) 

X {\w iyi,y 2 ) - W {zi,y 2 )\ + \w {zi,y 2 ) - w {zi, Z 2 )\} dydz 


oo ^ 

E —- 


'A\B{x,rk)\ JE{x,rk+l)xE{x,rk) ' 


\wx ( 5 , 2 / 2 )! dsdyidy 2 dzidz 2 


00 - 

E—^ 

D .V 


\B{x,r}^)\ JE{x,rk+i)^E{x,rk) Jy 2 
which, with EI]^ {x) = E (x, r/c+i ) U E (x,r/c), is dominated by 


\wy {zi,t)\dtdyidy2dzidz2 , 


EtTTT”—:T 2 f / |VAw(s,y2)Msdy2 ) {rfe-Tfe+i} / dzidz 2 

k=i\B{x,rk)\ \JHk{x) J JHkix) 


E 


B{x,rk)\ \JHk{x) 


|Vaic {zi,t)\ dzidt 


hk 


/(xi+rfe+i) 


dyidy2 
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where for the last term we used that 


\Wy{zi,t)\ = j^\Wy{zi,t)\<j^\WAw{zi,t)\ 


< 


1 


\VAw{zi,t)\ y(zi,Z 2 ) € E{x,rk). 


f{xi + Tk+l) 

Next, recall from Lemma 1751 that hk Ri (rj, — Xk+i) ■ f{xi + Vk+i) by our choice of Xk+i in (17.11) . 
Moreover, by the estimates above we have that \Hk{x)\ r: \B{x,rk)\, and 


\B{x,rk)\ 


|Vaw is,y2)\dsdy2 


(7.5) 


< 




To make further estimates we need to consider two regions separately, namely; 
case 1 d{x,y) > have 

rt > d{x, y) > —^ 


iF'(Ti)r 

which implies by Proposition and (16.121) 

1 1 


rk - Tk+i 


< 


1 


\F'{xi+rk)\ \F'{xi+rk+ 2 )\ \F'{xi + d{x,y))\ 

Therefore, we are left with 

\yAw(y)\ ,^,, 

/r(x,r) 

|VAW(y)| 77777—^ 

lr{x,r) 


'( 2^)1 < / \^Aw{y)\ 

Jr(x,r) 

|Vaw (y)| 


E 


\F'{xi+d{x,y))\ ^ \B{x,rk)\ 

k\rk+i<d{x,y)<rk 


dy 


\F'{xi+d{x,y))\ \B{x,d{x,y))\ 


dy. 


case 2 d{x,y) < We can write 

rk - Tk+i 


E 


< 


E 


rk 


< 


d{x,y) 


k \B{x,rk)\ w \B{x,rk)\ ^ \B{x,d{x,y))y 

k:rk+i<d{x,y)<rk k:rk+i<d{x,y)<rk 


which gives 


\w{x)\ 


< 


f d{x,y) 

lr{x,r) ^ \B{x,d{x,y))\' 


To finish the proof we need to compare the above estimates with d (x, y) = min |d (a;, y ), \pi | • 

Since |F'(a;i)| is a decreasing function of xi we have 

-TTJT-vd ^ 

\F'{xi + d{x,y))\ \F'[xi)\ 

and therefore we are in case 1 and have an estimate by d{x,y) = \pnxi+d{x y)) \ • reverse 

inequality holds, namely, 

1 


d{x,y) < 


\F'{xi + d{x,y))\ 
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we have to consider two subcases. First, if d{x,y) < we are in case 2 and have an 

estimate by d{x,y) = d{x,y). Finally, if 

W{^\ - < \F'ix,+d{x,y)W 

we are back in case 1 but by Proposition [77] there holds 

and again we have an estimate with d(x,y) = d{x,y). | 


As a simple corollary we obtain a connection between d(x, y) and the ’width’ of the thickest part 
of a ball of radius d(x, y), namely d{x, y) — d*{x, y), where if r = d{x, y) then we write r* = d*{x, y). 

Corollary 85. Let d{x, y) > 0 be the distance between any two points x,y € fl and let d*{x, y) 
be defined as in Section \37^ and d{x,y) as defined in Lemma\8^ Then 

d[x,y) Ri d{x,y) - d*{x,y) 


Proof. As before, we consider two cases 
case 1 d{x,y) > pv^pj. In this case we have from Proposition 1771 

1 


d{x,y) - d*{x,y) 


\F'{xi + d{x,y ))\■ 


If d{x, y) > , then d{x, y) = \F'{xi+d{x,v))\ i® proved. If, on the 

other hand, 


d{x,y) < — 


1 


|F'(a;i + d{x,y))\' 


then d{x, y) = d{x, y) and 

d{x,y) > d{x,y) - d*{x,y) 
and the claim follows. 


1 


|F'(a:i + d{x,y))\ 


> d{x,y), 


2 d{x,y) < ppypi' From Proposition |77| we have in this case 

d{x,y) - d*{x,y) ^ d{x,y). 

From the monotonicity of the function F'(x) we have 


d{x,y) < 


< 


|F’'(xi)| \F'{xx+d{x,y))y 

and therefore d{x, y) = d{x, y) r; d{x, y) — d*{x, y). 
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Define 
(7.6) 
and for 


2. (1,1) Sobolev and Poincare inequalities 


t N _ d{x,y) 

Kr{x,y)- .)(?/), 


y €T {x,r) = {y € B {x,r) : xi < yi < xi + r, \y 2 - X 2 \ < hx,y} , 
let hx,y = h* {xi,yi — xi). First, recall from Proposition |ST] that we have an estimate 

\B{x,d{x,y))\ Ri hx,y {d{x,y) - d*{x,y)) 
and by Corollary |85] we have |i? {x,d{x,y))\ ~ hx,yd{x,y). Thus, 

Kr {x, y) ~ — l{(a;,y):a;i<i/i<xi+r, \y 2 — X 2 \<hx,y} {x, y) . 

^x,y 

Now denote the dual cone F* {y, r) by 

r* (y, r) = {x € B {y,r) : y €T {x, r)} . 

Then we have 


(7.7) r* {y,r) = {x G B {y,r) : xi < yi < Xi + r, \y 2 - X 2 \ < hx,y} 

= {x G B {y,r) : yi - r < xi < yi, \x 2 - y 2 \ < hx,y} , 

and consequently we get the ‘straight across’ estimate. 


(7.8) 


Kr {x, y) dx '■ 


j-Vi ( rV2+hx,y 

'Vi-r \Jy2-h:c,y dx,y 


-dx2 7 dxi 


xi+r 


dyi=r . 


As a result we obtain the following (1,1) Sobolev inequality. 

Lemma 86. For w G Lipo {B (xo,r)) and a degenerate gradient as above, we have 


[ \w{x)\dx<Cr [ \VAw{y)\ 
JB{xo,r) J B(xa,r) 


B(xo,r) 


dy. 


Proof, lix G B (xq, r), then w satisfies the hypothesis of Lemma 15^ in B ^x, 2 (C + 1)^ for 
the constant C as in (EH). Indeed, let r^ be defined by EH) for X = y and rg = 2 (C + 1)^ r, then 

1 


72 > 


(C + 1) 


rro = 2r. 


Hence, since 


E {x,ri) = {y ■■ xi + r 2 < yi < xi + ri, \y 2 - X 2 I < h* {xi,zi - xi)} , 

we have that E {x,ri)f]B (xg, r) = 0 so w = 0 so we may apply LemmalS^in B ^xg, 2 ^(C + 1)^ + 1 

for all X G i? (xg, r). 
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Let R = 2 + 1)^ + 1^ r. Using the subrepresentation inequality and (Tra we have 


J \w {x)\ dx < j j 


d{x,y) 


\VAw(y)\ dydx 


r{x,R) \Bix,d{x,y))\ 

J J KR{x,y) l^Awiy)] dydx 

/{/l^'4 'u;(y)| dy 

J R\yAw{y)\ dy^rj\V aw {y)\ dy. 


Remark 87. The larger kernel {x,y) = lr(a;,r) iu) \B{x^d(Ay))\ ’ ^ replaced hy d, does 

not in general yield the (1,1) Sobolev inequality. More precisely, the inequality 

(7.9) J J Kr{x,y) \VAw{y)\ dydx<r J \\7aw {y)\ dy, 0 < r < 1, 

fails in the case 

F{x) = -, X > 0. 

X 


To see this take 2/2 = 0. We now make estimates on the integral 

(7.10) 


KAx.v) r I r*"'" d-i^d^,}dn. 


yi-r \dy 2 -hj;,y dx,y d{x,y) 
where d (x, y) = min |d {x, y), \pi y))| }• Consider the region where 

(7.11) ^(^>2/) ^ TTTTT-U-JTUTToT = (^1 + ^(^>2/))^ ■ 


In this region we have 


d (x, y) 

Moreover, since d(x, y) < r, we have 


\F'{xi + d{x,y))\ 


=dix,y)\F\x^+dix,y))\= 


{xi + d{x,y)) 


2 • 


d{x,y) ^ r 


d{x,y) (xi+r) 

On the other hand, we have d(x,y) > yi — Xi and d{x,y) <C 1, so the condition in J7.11[ ) is 
guaranteed by yi — xi > {xi F yi — xi)^, i.e. xi < yi — yi. We then have the following estimate 
for ynuj) : 

f rvi-vl 

/ Kr{x,y)dx> I 


Therefore, if yi < r, we have 


lyi-r (xi + r) 


Kr(x, y)dx > 1, 




2/1 (2/1 -yf + r )' 


and fails for small r > 0. 
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Now we turn to establishing the (1,1) Poincare inequality. For this we will need the following 
extension of Lemma 79 in |RSaW| . Dehne the half metric ball 

HB{0, r) = B{0, r) (1 {{x,y) £ : X > 0}. 

Proposition 88. Let the balls B{0,r) and the degenerate gradient Va be as above. There 
exists a constant C such that the Poincare Inequality 


/ / Ire — w| dxdy < Cr / / \\7Awldxdy 

holds for any Lipschitz function w and sufficiently small r > 0. Here w is the average defined by 

1 


w = 


wdxdy. 


\HB{0,r)\ JJHB(0,r) 

2.1. Proof of Poincare. The left hand side can be estimated by 


|re — w\ dxdy = 

HB{0,r) JJHB(0,r) 

1 

< 


'^{xi,yi) - 


w{x2,y2)dx2dy2 


\HB{0,r)\ JHB{0,r)xHB(0,r) 


\HB{0,r)\ JJHB(0,r) 

w{xi,yi) - w{x2,y2)\dxidyidx2dy2 


dxidyi 


The idea now is to estimate the difference |re{a;i, i/i) — w{x 2 ,y 2 )\ by the integral of Vie along some 
path. Because the half metric ball is somewhat complicated geometrically, we can simplify the 
argument by applying the following lemma, sacriheing only the best constant C in the Poincare 
inequality. 


Lemma 89. Let be a measure space. If LI G X is the disjoint union of 2 measurable 

subsets n = Oi U n 2 so that the measure of the subsets are comparable 

J_ ^ m(^i) ^ ^ 

Cl - y{Ll2) - ' 

Then there exists a constant C = C(Ci), such that 


(7.12) 



w{y)\dfi{x)dfi{y) < C 



w{y)\dy{x)dy{y). 


for any measurable function w defined on 11. 


Proof. Dehne 


= k(x) - w{y)\dy,{x)dfj,{y), 

J JQ.iXQj 

Since D = Di U D 2 , we can rewrite inequality (17.121) as 


S'lp + 25 'i^ 2 + <52,2 ^ CS'i,2. 


hj = 1 , 2 . 
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Now, we compute 
^ 1,1 = 

< 


1 

/// IK^) 

J J J Q 1 XQIXQ 2 

y{^2) 

1 

[[[ \w{x)- 

d J d Cl\Xdi xd2 

^(02) 


1 rrf 

^(^2) J J jQixQixn2 ' 

M^i) ff 1 , ^ . 

/O I / / 


|[w(a;) - ■u;(z)] + [w{z) - w{y)]\ d^i{x)dn{y)dfj,{z) 
w{x) — w(z) \ dy,{x)dy,{y)dy(z) 


' Ql X ^2 


y{^ 2 ) 


Si ,2 , 


and similarly 82,2 < ‘^f^^Si, 2 . | 

We will apply this lemma with 

rii = B+= {{x,y) € HB {Q,rQ) : r* < x <r} , 

^2 = = {(x, 1 /) G iJB (0, To) : 0 < x < r*} , 

where r*, and B- are as in Lemma |83] above. Then from Lemma |83] we have 

|fli| \n 2 \ - |B( 0 ,ro)|. 

By Lemma [Ml the proof of Proposition | 88 ] reduces to the following inequality: 

(7.13) 

1= \w{xi,yi) - w{x 2 ,y 2 )\dxidyidx 2 dy 2 < C\HB{0,ro)\ro // \VAw{x,y)\dxdy. 

JJniy.Q .2 JjHB{0,ro) 

Let Pi = {xi,yi) G rii and P 2 = {x 2 ,y 2 ) G ^^ 2 - We can connect Pi and P 2 by first travelling 
vertically and then horizontally. This integral path is completely contained in the half metric ball. 
This immediately gives an inequality 


\w{xi,yi) - 'w{x 2 ,y 2 )\ < 
As a result, we have 
I = 


Wy{xi,y)dy 


PX2 

/ Wa;{x,y 2 )da 

Xi 


// \w{xi,yi) - w{x2,y2)\dxidyidx2dy2 < // 

J J r 2 i 


xn 2 


ry 2 


Wy{xi,y)dy 


'yi 


dxidyidx2dy2 


- 1 “ 

^ X ^2 

= I 1 + I 2 


Wx{x,y 2 )dx 


We first estimate the integral 


h = 


// \w{xi,yi) - w{x2,y2)\dxidyidx2dy2< // 
d «/f2ixf22 d 


'X.0.2 


ry 2 


Wy{xi,y)dy 


dxidyidx2dy2 


dxidyidx2dy2 


where = B^ and fl 2 = B-. We have 
ry 2 


h < 


< 


r r j•V2 r r ri/2 

/ / / \'Wy{xi,y)\dydxidyidx2dy2 < / / / 77 — -\VAw{xi,y)\dydxidyidx2dy2 

dB-ds+dyi dS-dB+dyi j\^l) 

\Vaw{xi , y)\dydxidx2dy2, 


IB- JBj 


' B+Jyi 

Kr) 

f(xi)' 
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where h{r) < rf(r) is the “maximal height” given in Proposition 1771 Moreover, for xi S we 
have |r — xi| < l/\F'{r)\ and therefore f[xi) ~ /(t). This gives 

h(r) 


fixi) 


< r. 


and substituting this into the above we get 

Ii<Cr\B^\ [ \VA'w{x,y)\dxdy <Cr\B\ [ \VAw{x,y)\dxdy. 
Jb+ Jb 

To estimate 


h = 


Qi xr22 


Wx(x,y2)dx 


dxidyidx2dy2, 


we note that \wx{x,y 2 )\ < |Vyiw(a:, 2 / 2 )!) and therefore 
I 2 < 


II 

/ \X Aw{x,y2)\dx 

JJb+xB- 

J {x ,y 2 )^H B{Q ,r) 


dxidyidx2dy2 

<Cr\B+\ / \S/Aw{x,y 2 )\dxdy 2 <Cr\B\ / \S/Aw{x,y)\dxdy. 

J B Jb 

This finishes the proof of inequality (17.131) , and hence finishes the proof of the Poincare inequal¬ 
ity in Proposition 1551 


3. Orlicz inequalities and submultiplicativity 

Suppose that /r is a u-finite measure on a set X, and $ : [ 0 ,00) —>■ [ 0 , 00) is a Young function, 
which for our purposes is a convex piecewise differentiable (meaning there are at most finitely 
many points where the derivative of $ may fail to exist, but right and left hand derivatives exist 
everywhere) function such that $ ( 0 ) = 0 and 

$ (x) 

->■ 00 as a: —>■ 00. 

X 

Let Lf be the set of measurable functions / : Y —>■ K such that the integral 

Jx 

is finite, where as usual, functions that agree almost everywhere are identified. Since the set Lf 
may not be closed under scalar multiplication, we define L® to be the linear span of Lf, and then 
define 

II/IIl'>’(/x) = inf |a: £ (0,oo) : d/i < l| . 

The Banach space L* (/r) is precisely the space of measurable functions / for which the norm 
||/||^ 4 .(^) is finite. The conjugate Young function $ is defined by = ($')” nnd can be used to 
give an equivalent norm 

ll/llLf(A«) = Ifdldy- : J^^i\g\)dy < l|. 

However, in this paper, the homogeneity of the norm ||/||^#(^) is not important, rather it is the 
iteration of Orlicz expressions that is critical. For this reason we will not need to invoke the classical 
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properties of these normed spaces, choosing instead to work directly with the nonhomogeneous 
expressions 

In our setting of infinitely degenerate metrics in the plane, the metrics we consider are elliptic 
away from the X 2 axis, and are invariant under vertical translations. As a consequence, we need only 
consider Sobolev inequalities for the metric balls B (0, r) centered at the origin. So from now on 
we consider A = and the metric balls B (0, r) associated to one of the geometries F considered 
in Part 2. 

First we recall that the optimal form of the degenerate Orlicz-Sobolev norm inequality for balls 
is 

where (x) = , the balls B (0, rg) are control balls for a metric A, and the Young function 

Ik is a ‘bump up’ of the Young function fl. We will instead obtain the nonhomogeneous form of this 
inequality where (^ro) = id'ro) usual Lebesgue space, and the factor rg on the right 

hand side is replaced by a suitable superradius (rg), namely 

(7.14) / ^{w)dn \<C(p{ro)\\VAw\\j^u w€LipoiX), 

VB(0,to) J '' '■O’’ 

which we refer to as the Sobolev Orlicz bump inequality. In fact, with the positive operator 

TB{o,ro) ■ (Mro) ^ (d-ro) defined by 

TB{0,ro)gix) = / KB( 0 ,ro){x,y)g{y)dy 

J B(0,ro) 

with kernel KB{p^ro) defined as in (17.61) . we will obtain the following stronger inequality, 

(7-15) ( f <!> {TB(o,ro)g) ‘^dro] < C'T’(’’o) MlAu ) ’ 

\JB(0,ro) / ^ 

which we refer to as the strong ($, (/j)-Sobolev Orlicz bump inequality, and which is stronger by the 
subrepresentation inequality w < 7B(o,ro)^Aic on B ( 0 ,rg). But this inequality cannot in general 
be reversed. When we wish to emphasize that we are working with (I7.14|l . we will often call it the 
standard (4>, (^)-Sobolev Orlicz bump inequality. 

3.1. Submultiplicative extensions. In our application to Moser iteration the convex bump 
function $ (t) is assumed to satisfy in addition: 

• The function is positive, nondecreasing and tends to 00 as t > 00 ; 

• $ is submultiplicative on an interval (A, 00 ) for some E > 1: 

(7.16) $ (a6) < $ (a) $ (&), a,b>E. 

Note that if we consider more generally the quasi-submultiplicative condition, 

(7.17) $ (a6) < (a) $ (&), a,b>E, 

for some constant K, then $ (t) satisfies (17.1711 if and only if {t) = (t) satisfies (17.1611 . Thus 

we can alway rescale a quasi-submultiplicative function to be submultiplicative. 
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Now let US consider the linear extension of $ defined on to the entire positive real axis 

( 0 , oo) defined by 




0 < t < £;. 


We claim that this extension of $ is submultiplicative on (0,oo), i.e. 

$ (a5) < $ (a) $ ( 6 ), a,b>0. 

In fact, the identity ^{t)/t = $(max{t, ill})/ max{t,E} and the monotonicity of imply 

^{ab) ^ <I>(max{a, i?} max{ 6 , i?}) ^ $(max{a, iH}) <I>(max{ 6 , i?}) $(a) <I>( 6 ) 


ab 


b ■ 


max{a, i?} max{6, i?} max{a, £1} max{6, £1} a 

Conclusion 90. If $ : [£1, oo) —>■ K’*' is a submultiplicative piecewise differentiable convex 
function so that d>(t)/t is nondecreasing, then we can extend $ to o submultiplicative piecewise 
differentiable convex function on [0,oo) that vanishes at 0 if and only if 

<b{E) 


(7.18) 


(E) > 


E 


3.1.1. An explicit family of Orlicz humps. We now consider the near power bump case <I>m (t) = 


e 

in 


((Int)I 


■+1 


for m > 1 . In the special case that m > 1 is an integer we can expand the power 


m / \ 

l„*.„(e-) = (,A+l)’" = , 


and using the inquality 1 < s,t > 0 and 0 < a < 1 , we see that Qm (s) = 

ln$m (s'*) is subadditive on ( 0 ,oo), hence is submultiplicative on (l,oo). In fact, it is not hard 
to see that for m > 1 , 6 m (s) = ( s™ + 11 is subadditive on ( 0 , oo), and so $m is submultiplicative 


on ( 1 , oo). 

We now compute that for any t > 0 we have 


/ 1 sm-i I 

^mW = $m(i)m(^(lnt)“ +lj — 

/ \ rr). — 1 

(t) 


i -1 1 
t 


1 + 


(Int)’ 


and so for £1 > 1 we have 




E 


[InEy 


> 


^m(g) 

E ■ 


Moreover, we compute 

Kw = h^(i + (intr*)”"“’-h^(i + (in(r") 

^l + (lnt) “j (Int) “ 


m— 1 


rn-l^m j t) 
m f^ 
$m (t) 




(^1 + (Int)’ 


1 \ m—2 


Em (t) 
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where 


_j_\ m TO — 1 


Fruit) = (l+(lni) 

777 — 1 

Fmie) = 2-- 2>0, 


(Ini)' 


— 1 — (Ini) 


for TO > 1. This shows that is convex on (e,oo), and so by Conclusion 1901 we can extend 
to a positive increasing submultiplicative convex function on [0,oo). However, due to technical 
calculations below, it is convenient to take E = Em = , and as a consequence we will work from 

now on with the definition 


(7.19) 


(i) = 


,((In t)™ 


+ 1 


E '' 


if t > E = Em = 
if 0 < t < E = Em = 


where to > 1 will be explicitly mentioned or understood from the context. Later, for use in 
establishing continuity of weak solutions, we will introduce a positive increasing convex function 
T (t) that is essentially for small t and affine for large t. This function will turn out to be 

quasi-supermultiplicative. 

4. Sobolev inequalities for submultiplicative bumps when t > M 

Recall the operator TB(o,ro) • (Fro) (Fto) defined by 

TB{o,ro)gix) = / KB(o,ro)ix,y)giy)dy 
J B(0,ro) 

with kernel K defined as in (17.61) . We begin by proving that the bound (17.151) holds if the following 
endpoint inequality holds: 


(7.20) 


4) 


-1 


sup / ^ (K(x,y)lEla) dfi(x)j <Ca(p(r) . 

yeBJB J 


for all a > 0. Indeed, if (17.201) holds, then with g = IVawI and a = = ||Vyiw||^i, we have 

using first the subrepresentation inequality, and then Jensen’s inequality applied to the convex 
function $, 

g{y)dy.{y)' 


^iw)dfj,{x) < 


$ 


/ Kix,y) \B\ ||5||li(m)' II II 

'B WgliL^ip) 


dfj,ix) 


< 


< 


j f ^iK{x,y) |R| ||5||ii(^)) ^|p|p^dAi(a:) 

JbJb IlffllLU/x) 


sup / ^{K{x,y) \B\ \\g\\LH^)) dgix] 
Ib IveBJB 


g jy) dg jy) 


< <^>{Cipir) IIsIIlHm)) 


g jy) dg jy) 
\\g\\LFfr) 


= <p{Cipir) IlsIUq/x)) , 


and so 


$ 


<^iw)dgix) <Cip{r) HglUq^). 


The converse follows from Fatou’s lemma, but we will not need this. Note that (17.201) is obtained 
from (17.151) by replacing g (y) dy with the point mass \B\a5a: (y) so that Tg (x) —)> E(x, y) \B\ a. 
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Remark 91. The inhomogeneous condition J 7. 20^ is in general stronger than its homogeneous 
counterpart 

sup \\KB(o,ro){-,y)\B {0,ro)\\\.^(^^ \<Cip{ro) , 

yGB(O.ro) > 

but is equivalent to it when $ is submultiplicative. We will not however use this observation. 

Now we turn to the explicit near power bumps $ in (I7.19|l . which satisfy 

$ (i) = (i) = , t>e‘^"', 

( I \ m ^ 

1 + (Int) ™ j — 1 for t > i? = and write $ (t) = 

Proposition 92. Let 0 < ro < 1 and Cm > 0. Suppose that the geometry F satisfies the 
monotonicity property: 


(7.21) ip{r) = I 


'M|% iV 


is an increasing function of r G (0 , tq) . 


Then the ($, ip)-Sobolev inequality J 7.1 5[ ) holds with geometry F, with ip as in {7.21^ and with $ as 
in \7.19\j , m > 1. 

For fixed $ = with m > 1, we now consider the geometry of balls defined by 


Fk,a (r) = ( in i 




fk,Ar) = 

where k G N and tr > 0. 

Corollary 93. The strong ($, ip)-Sobolev inequality 1 7.1 5[ ) with $ = $rn as in \7.19^ , m > 1, 
and geometry F = Fk^a holds if 
(either) k >2 and cr > 0 and ip{rfi) is given by 

fi„(0 j_w(™-i) 
i_C^l-- 

TA) =7-0 , for 0 < ro < 

for positive constants Cm ond ^ depending only on m and a; 

(or) k = 1 and a < and ipA) is given by 

tA) =7-0 , for 0 < ro < 

for positive constants Cm ond fim u depending only on m and a. 

Conversely, the standard ip)-Sobolev inequality 1(7.14\ ) with $ as in 1(7. 19\ ), m> 1, fails if k = 1 
and a > —A. 

Proof of Proposition [92j It suffices to prove the endpoint inequality (|7.20p . However, 
since the estimates we use on the kernel K (x, y) are essentially symmetric in x and y, see e.g. the 
formula (17.71) for the dual cone P*, we will instead prove the ‘dual’ of (j7.20p in which x and y are 
interchanged: 


(7.22) 


$ 


fsup / ^{K{x,y)\B\a)dy{y^ <Coup{r{B)) , a > 0, 
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for the balls and kernel associated with our geometry F, the Orlicz bump and the function 
93 (r) satisfying (17.211) . Fix parameters to > 1 and tm > 1- Now we consider the specific function 
uj (r (B)) given by 

Using the submultiplicativity of $ we have 

J^<^>{K{x,y)\B\a)dn{y) = ^B^) 

and we will now prove 

(7.23) <^> My) < Cm^ (r {B)) |F' (r (S))|, 

for all small balls B of radius r {B) centered at the origin. Altogether this will give us 


<P{K{x,y)\B\a)dy{y) < Cm<f{r {B)) \F' (r (F))|$ 


tm\F'{r{B))\J ■ 


Now we note that a;$ (y) = xy^^dil < = $ (xy) for x > 1 since is monotone increasing. 


But from (j7.21|) we have (p (r) |F' (r)| = e 


C„ 


m I —p77 


F"(r) 


» 1 and so 


J^<i>{Kix,y)\B\a)dyiy) < $ (^CmPir{B)) \F'{r{B))\a ^ |f'(r(F))| ) ^ ^ (^ (^))^ > 

which is (17.221) with C = Thus it remains to prove (17.231) . 

So we now take B = B {0, xq) with ro <C 1 so that uj (r (B)) = uj (ro). First, recall 


|7?(0,ro)| 


fjro) 

|F'(ro)P’ 


and 


K{x,y) 


1 


h 


yi-^i 


Next, write $(t) as 


1 

\F'{xi + r)| 
/(xi+r) 


0 < r = 2/1 — xi < 
0 < r = yi — xi > 


1 

WiMi 

1 

WiM\ 


(7.24) 


$(t) =ti+’/'(*), fort> 0 , 


where for t > E, 


$(t) = gOlnO-^+l)"* ^ ^(l + (lnt)-™)"‘ 

( 1 \ 771 777 

l + (lni)- = ) 
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and for t < E, 


E 


(1 + V’(O) Ini = In + Ini 


E 


IniLE) 


Now temporarily fix cc = {xi,X 2 ) G -B+ (0,7-0) = {x € B (0,ro) : xi > 0}. We then have for 
—xi < a < b < ro — xi that 


'^a,h (^) — 


' {i/G-B+(0,ro):a<yi-xi<b} 


^ Kb{o,to) {x,y) 


dy 


^(ro) ) 1^(0, 7 - 0 ) I 


rh+x\ 

J a-\-xi 
/•b+xi 

J a+x\ 
rb+xi 

J a+rci 

which simplifies to 


\ — x\ 


$ 


X2 hy^—Xl 


hyi—xi 


|S(0,ro)| 


1^(0,^o)l 

w (t-o) 


dy2 


dyi 


|i3(0,r-o)| 


2 h ^ l^(0.^o)h dy, 

w(^o) ;ii?(o,7-0)1 

1 |i3(0,ro)| 

w(ro) 


1 IS I 


V ohf 1 1-5(0.^o)l ^ 

(0, ro)| \ ^ / dyi 


hyi-^i w(^o) 


1^(0,ro)| 


Ba.h (^) — 


fb+xi 


\B 


(0:^o)l Y 


|B(0.ro)| 

w(^0) 


(ro) Ja+xi \hyi-^i J 


dyi 


•(ro) 


1 IS 


(0:^o)l \ 




'(ro) J 


dr. 


Thus we have 


/ $ if 

JB+iO.ro) \ 
B—xi,ro — xi (3^) 


f jS(0,ro)|^ dy 
BiO.ro) ix,y) j |S(0,7 


1 IS 


(0,r-o)i y^^ 




^-o)! 


dr . 


w(ro)7-xi a;(ro) J 

To prove (17.231) it suffices to obtain the following estimate for the integral Io,ro-xi, since the 
complementary integral I-xi,o can be handled similarly to obtain the same estimate: 


(7.25) 


d-O^ro — xi — 


’(’’0) 


IS 


(0,^o)l \ 
hrUJ (ro) J 




dr <Cm y} (ro) |S' (ro)| 


where Co is a sufficiently large positive constant. 

To prove this we divide the interval (0,ro — cci) of integration in r into three regions: 
(1): the small region S where Y Yro)^ — B, 

the big region 72.i that is disjoint from S and where r = yi — xi < |j., and 
the big region 77-2 that is disjoint from S and where r = yi — xi > ijvYjj-- 


( 2 ) 

(3) 
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In the small region S we use that $ is linear on to obtain that the integral in the right 

hand side of (j7.25L when restricted to those r G (0, ro — Xi) for which < E, is equal to 


^(E) 


w(ro) Jo 


< 


w(ro) Jo 

m) 


hrUJ (ro) 

(E) 

E dr = 


1 1 HE) 

UJ (ro) E 


(ro - xi) 


E 


tm To \F' (ro)| 


since a;(ro) = 

We now turn to the first big region TZi where we have hy^-x^ ~ rf(xi). The condition that TZi 
is disjoint from S gives 

> £ „ ,<T 

rf{xi)uj(ro) ’ E’ 

where v4 = A{xi)= 


f(xi)uj (ro)’ 


and so 


(^KB{o,ro)ix,y) 


S(0,ro)|\ dy 


u}(ro) J |B(0,ro)| 


= I 


1 


(x) 


“{^’|F'(xi)|} / |5(0,ro)| \ f-r-A'rp) 

V hrW (ro) J 


w (ro) 
w (ro) 


dr 


dr. 


We claim that 


(7.26) 


’(ro) 


— j dr (tm) , 


where we recall 


A 


A(xi) = 


c(ro) = 


f(ro) _^ c 

/(aii)|J^'(ro)|2a;(ro) f(xi) 
f(ro) ^ tm f(ro) 
w (ro) |J^'(ro)p |F'(ro)| ■ 


and c 






























114 


7. ORLICZ NORM SOBOLEV AND POINCARE INEQUALITIES IN THE PLANE 


if I ^ 


1 




0 


W (ro) 
w(r-o) Jo 






^(4) 


-) dr = 


w {ro) 


dr 




IE 




< 


< 




w(r-o) JEr. 
1 C,^M 


< a.^M- 


''’”"w(ro)"" w (ro) |F'(a;i)| 

ro 


= Cs,mMtjn ro \F' (ro)|, 


(^o) l^’'(?’o)| ’ w(ro) 

which proves (17.251) if ^ since rg < <f{ro). 

So we now suppose that ^ . Making a change of variables 


we obtain 


w (ro) Jo 

Integrating by parts gives 


r r 


1 f |r'(ti)| / A\^^ ’■) 1 

dr = —^—rA 


r j 


w (ro) 




/A|F'(xi)| 


[ R'^^^'>-'^dR= [ (-7^'] dR 

Ja\F'{xi)\ JA\F'ixi)\ \ J 


+ 


< 


< 


+ l |00 

(7l|F'(xi)|)’^(^''^'("^i') 




' 1 


di? 


2A\F'{xi)\ 


_Jli:(R)-2 1 _p (7. 


m — 1 


A|F'(xi)| 

m— 1 




where we used 


27l|F'(xi)| 


|^'(^)| < c 


lA\F'{xi)\ 


(Ini?)™ 

R^iR)-^dR, 


1 1 


^ (Inii)"^ 

Taking E large enough depending on m we can assure 

(InF)m ^ o 


which gives 


R'PiUF^dR < 


/A|F'(a;i)| 


(kl|F'(xi)|)'^(^'^'^“^i') 
A\F'{x,)\ ^ 


dR 
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and therefore 




(x) = 


1 r 


< 


JA\F'{xi)\ 

1 


w(ro) |F'(a:i)| 
c = f{xi)A{xi) = 


jlHR)-^dR 


firo) 


tm f{ro) 


oj{ro)\F'{roW |J^'(^o)| ’ 

where we recall that we have assumed the condition 


(7.27) 


7l(xi)|F'(xi)| = 


firo) 


f (xi) \F'{ro)\ uj{ro) 




We now look for the maximum of the function on the right hand side 


F{xi) = 


1 


w(ro) |J^'(a;i)| 




= tm\F'{ro)\ 


\P'ixi)\ f(.xi) J 


\F' 


where 


iro) = 


tm /(to) 
|J^'(to)I ■ 


Using the definition of 'ipit) and B {xi) = in 


Cool 


, we can rewrite F{xi) as 


(7.28) 


F{xi) = tm |^F'(ro)| exp + B(xi)-) - B {xi)'j . 


1 / / , , j_\ 

Let x\ G (0,ro] be the point at which F takes its maximum. Differentiating F(xi) with respect to 
xi and then setting the derivative equal to zero, we obtain that x^ satisfies the equation, 


F"{xl) 


(^{l + B{xl)-^) 


1 \ ™-i 


-11 


F"ixt) 


iF'ixtW VV J A \F'ixl)\\ 

Simplifying gives the following implicit expression for x\ that maximizes F{xi) 


B {x*i) = in 


c(to) 


\F' (ait)l 


f{xl) 


= 1 + 


F"{x\) 


\F'{xl)\^ + F"{xl) 


- 1 


To estimate F (a;)') in an effective way, we set b (a;)') = and begin with 

1 \ m 


+ — B (xi) — + 


in 


c(to) 


|F'(x^)| 


( 


1 + 


F''{x 


|F'(a;J)| 2 +F' 


D_ 

F"{xl)J 


- 1 


((- 


<C„ 


F''ur) 

|F'(a=J)P+F"K) 
m—1 

= c, 


- 1 


fixt) J 

(l + 6(a:t))^-l 

1 + 6 (x*))^ - 1 


-in 


-(to) 


\F' (x!)! 
fixl) 


1 


b{xl) 


F'ixDl^ + F"ixl) 
F”ixl) 


1 

m—1 


— Cm I 1 H" 


\F'ixt)\^ 

F"{xl) 
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where in the last inequality we used (1) the fact that b (cc*) = < 1 provided < r, 

which we may assume since otherwise we are done, and (2) the inequality 


- \rn < \rn (2m - 1) (m - 1)^™ 

1 + 6)™-! - 1' 


0 < & < 1 , 


which follows easily from upper and lower estimates on the binomial series. Combining this with 
(17.281) we thus obtain the following upper bound 


T-. M 1 

J^{xi)<tm\F (ro)| ^ ^ 


= tm \F' (ro)| ^{x\), 


with ip as in (17.211) . Using the monotonicity of pF we therefore obtain 

2^0 I ,1 I {x) < F{xi) < tm iJ^'Cro)! </5(ro) = tm \F' {ro)\p{ro), 

which is the estimate required in (17.251) . 

For the second big region 77-2 we have 

1 |F'(a;i+r)| 


hyi-xi f{xi+r) 


and the integral to be estimated becomes 


In2 = 


f{ro)\F'{y^)\ 


uj{ro) \f{yi)\F'{roWuj{ro) 


We still have the condition (17.271) for this integral, i.e. 

firo) 


(7.29) 


^iyi) \F'{yi)\ = 




\F\yi)\>E. 


dyi . 


f{yi)\F'{roWu; (ro) 

Again, we would like to estimate the above integral by CmP{ro) \F' (ro)]. 
For this we introduce the change of variables 

firo)\F'{yi)\ 


yi ^ V := 


dv = — 

We can also assume that 
for small enough yi which gives 

and we rewrite the integral as 


/(yi)w(ro)|U'(ro)p 
\F'{y,)\^-F"{y,) /(rp) 

f{yi) a;(ro)|F'(ro)|2 

F'{yir-F'{yi)^\F'{y,)\\ 

1 dv 


dyi 


dyi Ri - 


1 


\F'{yi)\ V ’ 




>vo w(ro)|F'(yi)| 

where we denoted by vq and vi values of v corresponding to yi = vq and yi = xi + 
respectively. 
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Now we make a few observations. First, we already assumed that v > E on the whole range of 
integration. Since 


^^0 = v{ro) 


a;(ro)|F'(ro)| 


= tm. > E. 


we may assume that the range of integration starts at v = E. Next, without loss of generality we 
will assume that xi is such that v{xi) > E. Then we have 


VI 


rdv = 


rvi „,2ip(v) 


dv 


Ie w(ro)|F'(yi)| Je a;(ro)|F'(yi)| 

Recalling the definition of v we write 

„2V’R) 


1 


f{ro)\F'{yi)\ 

^{ro)\F'{yi)\ oj{ro)\F'{yi)\ \f{yi)uj{ro)\F'{ro)\ 


2,L n-ra)\P'(yi)\ 


Next, denote 


Q{yi) = 


1 


V n.i. /(^n)|F'(Kl)l 

f{i"o)\F'{yi)\ \ ^/(mi)‘^(»-o)i^''(>'o)1 ^ 


^iro)\F'{yi)\ \f{yi)uj{ro)\F'{ro)\‘^ 
1 


= tm\F'{ro)\ — 


|F'(xi)| 


iro) 


f{xi) ) 


where 


c(ro) 


tm /(to) 


and look for the maximum of G{yi) on (0 , Tq]. Note that the only difference between functions Q{t) 
and E{t) defined in (17.281) is an additional coefficient of 2 in the exponential. 

We claim that a bound for Q can be obtained in a similar way and yields 


G{yi) < Cm \F' (ro)|(/5(ro), 


where (p (ro) satisfies (17.211) with a constant Cm slightly bigger than in the case of E. Indeed, 
rewriting Giyi) in a form similar to (17.281) we have 


G{yi) = tm \F' (ro)| 


1 ^^' iyi)\ 


exp 2 1 + ( In 


-(to) 


l^’'(2/i)l 


/(yi) . 


— 2 In 


-(to) 


|j"'(yi)l 

fiyi) . 


Again, we differentiate and equate the derivative to zero to obtain the following implicit expression 
for yl maximizing G{yi)'- 


F”{yl) 

\F'{yl)V 




c(to) 


\F' (yr)r 

fiyl) . 




F''{yl) \ 
\F'{ylW)' 
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A calculation similar to the one for the function T gives 


1 + In 


"{ro) 


fivt) J 


-In 


i(ro) 


1 ^^' ( 2 /i*)l 


f{y*i) . 


( 


1 , 1 F"iyi) 1 

^ + 2|F'(y*)P+F"(yi*)j 


- 1 


_L 1 F''(y‘) \ 

V 2 |F'(y*)|^+F"(yJ)J 


<c„ 


\F'{ytr + F"{yt) 

F"{yl) 


— Cm I 1 + 


\F'iyt)\ 


- 1 
2 \ 


F"{yt) 


with Cm larger than before. From this and the monotonicity condition we conclude 

Giyi) < Cm \F' (ro)| (ro). 

The bound for the integral therefore becomes 


In2<Cm\F'{ro)\y^{ro) 


where 


dv 


N 


Ie V 


l+ip{v) 


with TV « In 


n—Q 


Using the definition of ip we have 

ipie'^E) = fln(e"F;)”- + 1 

and thus 


- 1 


N 


^ 2^e 

n—0 n—0 

This concludes the estimate for the region 72.2 

In 2 < Cm \F' (ro)| (^(ro), 

which is (|7.25p . | 

Now we turn to the proof of Corollary [Ml 

Proof of Corollary 19,31 We must first check that the monotonicity property (17.2111 holds 
for the indicated geometries Afc,cr, where 

/ {r) = fk,a (r) = exp |- ^In | ; 

F (r) = Ek^a {r) = ^In ^ 

Consider first the case fc = 1. Then F (r) = Fi ^ (r) = (in satisfies 


E' 


< a 


F'(r) = -(l + a) 




and F" (r) = — (1 + a) < — 


(^n^r (Ini) 


— a- 
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which shows that 


ip (r) = — exp — In-tr In In —h C„ 


/ 


4- 1 

m — 1 ' 



1 

, 


1 


1 + cr 


exp < — In-tj In In —h Cm (1 + o') 


.-i/ , 1 


m-l 




1 + 0 - 


is increasing in r provided both cr (to — 1 ) < 1 and 0 < r < am,a, where am,a is a positive constant 
depending only on to and a. Hence we have the upper bound 


ip (r) < exp < — In —h Cm ( In 




. 0 < r < /3^ 


where /3^ ^ > 0 is chosen even smaller than am,a if necessary. 

Thus in the case $ = ^m with to > 2 and F = Fr, with 0 < tr < -^—r, we see that the norm 
ip (ro) of the Sobolev embedding satisfies 


l-Cm 
< ro 



for 0 < ro < 


and hence that 


Cm 

ro \ro) 


for 0 < ro < 


Now consider the case k > 2. Our first task is to show that Fk,cT satisfies the structure 
conditions in Definition 1141 Only condition (5) is not obvious, so we now turn to that. We have 

F (r) = Fk,a {r) = (In i) (^In^''^ satisfies 

= --fc^-flni) __ 

(ln«l)^ a(ln«i)^-^ 

i) (in^'^-^) i) ... (ln(2) i) r 


(inf) i) 

j 

i, 


a 

1 

T 1 

' (inWi) (ln('=-i)i) 

(i„f-=) 1 ) 

^ • (in™ i) J 


F{r) \ 

It 


a 


1 F (r) Afc (r) 

In y 1 

(i„(‘) i) (i„(‘-‘) i) 

1... 1 

(in™ 1) 

J “ 
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and 


F"{t) = - 


F'{r)Ku{r) F {r) A', (r) _ ^ ^ f 1 


r In i 


r In ■ 


dr V r In i 


F' (r) Afc (r) F (r) A'^. (r) F (r) Ak (r) 


r In ■ 


r In ■ 


7-2 1 


1 - 


1 


In 


1 / ’ 


where 


* I (lnl« i) 1) ... (l„P' l) 


= -E 

i=2 


i) ... i) (\rS^ i) ... (in i) r 

r) \ r)\ r) \ r) 

1 A ln(^') i 


(ln« i) ... (ln( 2 ) i) r ^ i) ... (ini) 


= —G 


= —G 


1 ^ 

” E 


In*--^^ i 


(ln('=) i) ... (ln( 2 ) i) r \ In i (in(^-i) i) ... (In i) 


1 1 

V2) Ey. 

i h\ 

l^U) 1 

r 


(in"-' i) 

1 - 1 

( 1ti(2) 

1 r } 

(Ini)r ' 

\ r / 

[^InO-D ij 

1 - I 

(i"“b)j 


Now 


and so 


1 ^ 

ln(2)i+y 


In(^) i 


(in(^-i) i) ... (ln( 2 ) i) 


ln(2) i 


-A;(r)«. 

We also have (r) 1, which then gives 

F(f) 


for k = 2 
for k > 3 


-F' (r) 


and 


F"(r) 


F{r) 


r In i ’ 

r 

aF (r) 


F (r) F (r) 


(In^y (l„(‘)l)...(l„»)l)(l„l) = 


r2 r 


2 In i 7.2 ii7 


From these two estimates we immediately obtain structure condition (5) of Definition 1141 
We also have 


Fjrf r^lni F jr) / 1 


\F'{r)\\ _ 

F"{r) ''' (rlni)^ F {r) Ini 


0 < r < 


IrHl ^ 
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and then from the definition of (p (r) = 


Cr, 


F"(r) 


+ 1 


p{r) = 


1 




+ 1 


< 




in (I7.21I1 . we obtain 


(ln('=) i 


(fc) 


1 -C, 


(l„(fc) i) 


0 ^ T ^ 3 


This completes the proof of the monotonicity property (17.211) and the estimates for tp (r) for each 
of the two cases in Corollary [Ml 

Finally, we must show that the standard ($, (/?)-Sobolev inequality (17.141) with $ as in (I7.19p . 
m > 1 , fails if fc = 1 and a > and for this it is convenient to use the identity = |fy| for 

radial functions v. To see this identity, we recall that in Region 1 of the plane as defined in Section 
[3] above we have 


d{x,y) 


d{r,X) 
where m 3 (x) = / 

Jo 




-m 3 (x) 

f(xY-X^ / N 
^ h -m 3 (a;) 






-du. 


Then det = -\/a^ - f {xf (x) and 


'dr dr 
dx dy 

.dx dy. 
Thus if 1 ; = 1 ; (r) is radial, then 


d (r. A) 
d{x,y) 




1 

Xy/X^-fixfmaix) Xmaix)^ 


dv 


dv 




\ _ ( - / (xf dv 1 


A 




1 - 


fix)\ fix)] ^ 
dr' 


A 


A 


and so in Region 1, |= ||^| for radial v - even though is not in general radial. In Region 
2 we have 


dix,y) 
dir A) 


y/X^-f{x3 2y/X^-f{xf 


Vx'^-f{x)' 


X - -A-R'(A)+ m,ix) 

^ 2r' (A) - (A) + ix) 


To simplify this expression, recall 

rf-^X) 


rf-^X) X rf-\x) 

i? (A) = / , :du and F (A) = / 


fiu) 




-.du, 



























































122 


7. ORLICZ NORM SOBOLEV AND POINCARE INEQUALITIES IN THE PLANE 


SO that we have 


Ai?(A)-y(A) = / VA^-ZH 

Jo 


'du: 


implies Y' (A) = \R! (A). 


Thus we can write 


^ d{x,y) 
- 5(r,A) 


vAEZM!( 2 i?'(A) + m3(x)) 

nf ^!^( 2 i?'(A)+m 3 (x)) J 


and we have 


and 


d{r,X) 


1 


det J = — f {2B! (A) + 7713 {x)) 

^ {2R' (A) + 7773 {x)) - (2j?' (A) + 7773 (x)) 


d {x, y) det J 
We now calculate 

|V.4r|" = 





+ fix) 





■ dr 

■ 

— 

dx 

dy 


* 

* 


'drV (2i?'(A)+ 7713 ( 2 :))^ 

.^2// (detJ)^ ^ 


which again implies IVatI = |^| for a radial function v = v(r). 

Now we take / (r) = fi^a (t) = and with ry (r) = 

define the radial function 


1 


if 0 < r < a 
if ^ < r < To 


we 


w (x,7/) = w (r) = e('"=7^’ 0 < r < rp. 

f{r) 


From |Vyir| = 1, we obtain the equality IVaip ix,y)\ = |Va7| |ip' (r)| = |ii;' (r)|, and combining this 
with |VA77(r)| < and the estimate (1^ . we have 

f r fro f / \ 2 ro 1 

/ / \X7Aw{x,y)\dxdy r; / \w' (r)| dr + 

J JB(O.ro) 


\F'{r)\ roJr^ l^'WI 
2 


dr 


0 / (r)^ /' (r) rp 


Crdr ~ rp . 


On the other hand, (0 > t (ino™ and |F' (r)| = (cr + 1) (in i, so we obtain 

/ / <^rn{w{x,y))dxdy 

J JBiQ^rc]) 


> ( ^ ^ 

I 

Jo 


-/^dr > 

/(oyiJ"'(oi -^0 


1 + 


F(r) A / (r) 


dr 


- / /M 

if (u + 1) (1 - i) > 1, i.e. 


1 


dr = 


Jo 


fir)) |F'(r)| 
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5. Sobolev inequalities for supermultiplicative bumps when t < ^ 

Here we prove a strong ($, (^)-Sobolev Orlicz bump inequality (17.151) that is needed to obtain 
continuity of weak solutions. However, the methods used in the previous section exploited a bump 
function $ : [ 1 , oo] —>■ [ 1 , oo] defined for large values of the solution that satisfied the following three 
properties (although only the first two were actually used): 

( 1 ) $ (t) is closer to the identity function t than any power bump t'*', 7 > 1 , 

( 2 ) $ (t) is convex, 

(3) $ {t) is submultiplicative. 

The function (i) = continues to be submultiplicative even for small t > 0, 

but becomes concave for 0 < t < 1. Now that we are interested in continuity of weak solutions, we 
need a bump function $ : [0,1] —>■ [0,1] defined for small values of the solution. However, according 
to the next lemma, such a bump function on [ 0 , 1 ] cannot satisfy the three properties above unless 
$ (t) = t is the identity. 

Lemma 94. Suppose that $ : [0,1] —>■ [0,1] is increasing and satisfies $ (0) = 0 and $ (1) = 1, 
and also satisfies the three properties listed above. Then $ (t) = t is the identity function on [0,1]. 

Proof. Suppose that properties (2) and (3) hold and that $ is not the identity function. 
We must show that property (1) fails. But from property (2) and $ (0) = 0 and $ (1) = 1, we 
have $ (a:) < x for 0 < x < 1. Thus if $ is not the identity function, then there is Xq < 1 with 
0 < $ (xo) < Xo < 1. We may assume $ (xq) > 0 (otherwise $ vanishes identically on [0,xo]) and 
we can then define 7 > 1 by 

$ (xo) = x((. 

Now by property (3) we have, 

$(x^)<<i>(a:o)” = xr 

and since $ increasing, we conclude that for Xq^^ < t < Xq we have 

$ (t) < $ (Xq) < Xq^ = X(C^Xq"^^^^ < Xq 

This shows that 

<i> (t) < 0 < t < Xo , 

which shows that property ( 1 ) fails. | 

Now we consider the case $ : [0,1] —?> [0,6] with 6 > 0. Lemma |94] persists with 6 < 1. On 
the other hand, if 6 > 1 then the function $ (<) = (t) satisfies the hypotheses of Lemma [Ml 

except that $ is now 6 -submultiphcative on [0,1]. Now we run the proof of Lemma 1941 with this 
assumption instead and obtain the following result. 

Lemma 95. Suppose that $ : [0,1] —>■ [0,1] is increasing and satisfies 4) (0) = 0 and $ (1) = 1, 
and also satisfies the three properties listed above, except that property (3) is replaced with 4) (t) is 
b-submultiplicative. Then 41 (t) k. t. 

Proof. Suppose that properties (1), (2) and (3) hold and that 4) is not the identity function. 
We must then show that 4> {t) k, t. But from property (2) and 4' (0) = 0 and 4> (1) = 1, we 
have 4) (x) < x for 0 < x < 1. Thus if 4) is not the identity function, then there is Xq < 1 with 
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0 < $ (xo) < cco < 1. We may assume <i> (xq) > 0 (otherwise $ vanishes identically on [0,xo] and 
property ( 1 ) fails, a contradiction) and we can then define tr > 0 by 

(7.30) $ (xo) = 

Now by property (3) we have, 

^ 1 . 71 ^ / \'n 7n n(l+fT) /7 

... < 0 $(xo) =OXp^ ' = \bx^ \ Xp" 

At this point we wish to have in addition the inequality 

(7.31) &x| < 1, 

so that using if* increasing, we can conclude that for Xq’*’^ < t < Xq we have 


<i>(i)<$(x^)<x, 


*(^+■1) _ “(^+f) ("+i)(i+f) 


< cr. 


where C = x, 


-(i+f) 


and 7 = 1 + f. This would then show that 


$ (t) < CF, 0 < t < xo , 

which shows that property ( 1 ) fails, a contradiction. 

But in order to obtain both (17.301) and (17.311) . we need to solve the equation $ (xq) = Xo"^”^ 

S. . 

with 0 < xo < 1 and 0 < cr < 2 that satisfy Bxq < 1. Thus 0 < xo < ^ and we need to know that 

b a- 


(7.32) 


$ 


^ ^ ( 1 +-) ^ 


i.e. 


iw) 


< 1, 




for some 0 < cr < 2. Indeed, if this is true for some 0 < tr < 2, then since lima;j,_>.o = oo by 

rCo 

property ( 1 ), we can use the intermediate value theorem to conclude that 


$(a;o) 




= 1 , i.e. $ (xo) = x. 


1 + 0 - 
0 ’ 


for some 0 < Xq < 


As a ranges between 0 and 2 , we see that ranges between 0 to A and if t = then a calculation 

bo- b CT 

shows that 


5l(i+<r) 62’ 

and so to establish (17.321) . we must find some t with 0 < t < -^ such that 

* / X t . 5 (t) 1 

But now if limt_>o = 0, we see that we can indeed find 0 < t < ^ such that which 

by the above argument shows that $ is the identity function - contradicting the asumption just 
made that limt_>o = 0. So we conclude that we must have limt_>o 7 ^ 0, and the convexity 
of $ now shows that $ (t) si t. | 


Finally we record one more trivial extension of this result. 
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Lemma 96. Suppose that $ : [0, a] —>■ [0, a] is increasing and satisfies $ (0) = 0 and $ (a) = a, 
and also satisfies the three properties listed above, except that property (3) is replaced with (t) is 
b-submultiplicative. If in addition limt_>o = 0, then $ (i) r; t on [0, a]. 

In view of these considerations, we define here for m > 1 and 0 < t < 

(7.33) ^m{t) = ; 

A = 

and we extend to be linear on [-^g, oo) with slope di' (■^). Note that 
'i'(t) = 

_^ \ m 

m 


fj{t) = 


Ini 

t 


and that 
(7.34) 

Indeed, we compute 


s = 


(s) < 

-((ini)-+ir 


0 < t < —, 
M 


In ■ 


= In 


4' (t) = Ae 
1 


t 


+ 1 ; 


(s) = t = e 


.((inA)™-!)™ ^ (l-(ln4) 


and since ^Ms increasing and A > 1, we have 


4'^ (s) < 4'^ (pis) = 


(- 1 ) 


(t) 


Then we note that 

for all m > 1 since 

It thus follows that 


1 — In 


> 2 - 1 + In 


(l + cc)'" + (l-a;)'" > 2, m > 1. 


ipf (s) < s 




< s 


2-( l+(lni)' 


_ gl-V>(s) 


Note also that the function fj here satisfies fj (t) r; (A)~ small t > 0, while the corresponding 

function fi in the previous section satisfied fi ft) r: —for large t > 0. 

Finally, we point out that from Lemma ll02l below, the (ifm) </^)"Sobolev Orlicz bump inequality 
(see (|7.15[) ') cannot hold with ipfr) = O fr). 
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5.1. The inhomogeneous Sobolev Orlicz bump inequality. 

Proposition 97. Let 0 < rg < 1 and B = B (0,ro). Let w £ Wq'‘^{B) and let be as 

in J 7 . and suppose the geometry F satisfies the following monotonicity property 

(7.35) r~^g3 (r) is an increasing function of r for some e > 0, 


where 

(7.36) 


g}{r) 


F"{r) 


+1 



Then the inhomogeneous Orlicz-Sobolev inequality |7.7.^[) holds with 


in place of i.e. 


^ ^ (/ J ^ ’ 

and moreover, the strong (fS,(p)-Sobolev Orlicz bump inequality {7.15^ holds. 

Note that the only differences between the superradius ip (r) in Proposition 1^7] here, and the 

superradius (r) = jpTppy^e "*V ^ / in Propositionearlier, is that the constants Cm 

may be different and that the ratio of the terms r and in front of the exponentials satisfies 

0 < e < r|F'(r)| < oo by property (4) of Definition [T4l and may be unbounded. 


Corollary 98. The strong {^, ip)-Sobolev inequality with di = il'm as in \7.3S^ , m > 1, and 
geometry F = F^^^ where Fk,a {r) = (in i) holds if 

(either) k>2 and ct > 0 and iplro) is given by 


l-Cm 

ip{ro) = To 



ro 


for 0 < ro < 13m,a, 


for positive constants Cm and ^ depending only on m and a; 
(or) k = 1 and a < and v?(to) is given by 


Tiro) 


l-Crr 






for 0 < ro < 13m,a, 


for positive constants Cm and ^ depending only on m and a. 
Now we turn to the proof of Proposition!^ 


Proof. Using the subrepresentation inequality we see that it is enough to show 
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for all a > 0. Indeed, if (17.371) holds, then with g = ||Va (w)|| and a = || 5 ||j;^i in (17.371) . we have 


'S{w)dfi{x) < K{x,y) \B\ \\g\\L^^) 

' J B \J B 

[ [ 'i'{K{x,y) \B\ \\g\\Li(^^~^) 
J B Jb 


< 


< 


g (y) dy (y) 

IlfflUid*) 

g {y) dfi jy) 


and so 


dfj,{x) 

dg,(x) 

g (y) dfi jy) 
\\9\\l^p) 

< 'i'{ip{r)\\g\\L^f,)) [ ^ (g(y^(OllglUdi»)) : 

Jb \\9\\l^p) 

'^{w)dy{x)^ ^C!(p{r) J \WAiw)\dy. 


sup / 'l>{K{x,y) \B\ \\g\\L^^)) dy{x) 
Ib iyeBJB 


Again, we will show (17.371) with x and y interchanged. From now on we take B = 5(0, rp). 
First, recall 

f{ro) 


|i3(0,ro)| 




2 ’ 


and 


1 


K{x,y) 


hyi-xi 


rf{xi)' 
\F'{xi +r)| 
f{xi+r) 


r = yi-xi < 


1 


r = yi-Xi> 


\F'{xi)\ 

1 

W{^\ 


Next, recall that 


^'(t) = 


for small t, where ip{t) = 1 + (In 


ll“m 


- 1 


In(l/t)i/r 


^ {KB{0,ro) v) ( 0 > ^o)| a) 


dy 


We then have 


/ |5(0,ro)|a 


' |B(0.ro)|o 
. hyi-x^ 


dyi , 


I B{0,ro) \B{0,ro)\ Jo \ , hyi-xi 

and in order to obtain (j7.37L we must dominate this last integral by ih {Catp (r)). 

Now divide the interval of integration into three regions: 

(1) : the big region C where the integrand iF_B(o,ro) {x,y) \B (0,ro)| a > 1/M, 

(2) : the region TZi disjoint from £ where r = Xi — yi < l/|F'(aii)| and 

(3) : the region 7^2 disjoint from £ where r = xi — yi > l/|F'(a:i)|. 

We turn first to the region 72.i where we have hy-^-x^ ~ rf(xi). We claim the following, which 
is the desired estimate for the integral over region 72.i: 


(7.38) 


iTli 


f \B{0,ro)\a 

\ hy^-xx 


^ V, hyi-xi 


dyi < Maif (ro). 


The integral that we want to estimate is thus 

/ f{ro)a 


a 


JAM 

where A = A (xi) = 


'•/(a;i)|F'(ro)|^ / 


r/(xi)|F'(ro)p^ 

f{ro)a 


dr = 




I AM 


v) 




dr 


f{xi)\F^iro)\ 


2 ■ 
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Making a change of variables 


we obtain 


A _ A (xi) 

r r 



fA\ 

/ “ 

, - 

JAM 

yr J 


nl/M 


p>HR)-‘^dR 


lA\F'(x^)\ 


Integrating by parts gives 


Ja\F'{xi)\ Ja\F'{xi)\ V 2i? y 


rAR}+^ , 

2^2 l'4|E'(a:i)| 


rl/M 


'A\F'ixi)\ 




' 1 


dR 




< 


2A\F'ixi)\ 


-R^(R')-^ \l + c 

A\F'(x^)\ 2 
m— 1 


TO — 1 




where we used 


2 A|^^'(xi)| 


<C 


(In i) - 

Ri’W-'^dR, 


'A\F'(xi) 


1 1 


^(In^)^ 

Taking M large enough depending on to we can assure 

1 + C „ 

(InM)™ ^ 6 

2 - 4’ 


which gives 

and therefore 
(7.39) 


rl/M 


jli’(R)-^dR < 


lA\F'(x^)\ 


aA 


pI/M 

/ R^^^'>-^dR < —^ 


A\F'{x^)\ ’ 


= vI/(7l(xi)|F'(xi)|) 


/(^i)|J^'(^o)P 

f{ro)\F'{x,W 


Now if the factor is greater than then it is easy to obtain the bound we want. 

Indeed, 

^ /(ro)|f'(a:i)p a ^ Ma 


/(xi)|F'(ro)|2 |F'(xi)| - |F'(xi)r 
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gives 


/•1/M 

aA / < 


< 


^iAix^)\F'{x^)\) 


fixi)\F'{ro)\^ 

/(ro)|F'(xi)P 


4- 


\F'{x,)\) - \\F'iro)\) 


which proves (17.381) in this case, since < (fiiro). 

On the other hand, if /(ro/^|F'(xi)i^ ^ applying on both sides of (I7.39p . and using 

the submultiplicativity of on the interval (O, ^), we get 




- 1 ) 


nl/M 


aA 


R^W-'^dR 


lA\F'{x^)\ 




f fix,)\F'{ro)\^ \ 

\f{To)\F'{x^)\^J 


f{ro)a\F'{xi)\ / f{xi)\F'{ro)\^ 
~ fixi)\F'{ro)\'^ \f{ro)\F'{xi)\^ 


l — l/j 


/(xi)|F'(rn)|^ \ 

/(ro)|F'(rri)|^ J 


= a 




-b 


/(»l)|F'(rn)l^ 


|F'(xi)| 


where the middle in 


equality follows from the estimate (s) < in (I7.34I) . 


To conclude the proof of (I7.38P in this case, we need to show that 


(7.40) 


( /(:ci)|F'(ro)|^ ^ ^ y /(>-o)|F'(xi)|^ 

U(ro)|F'(xi)|U 

sup ^-r-^77--j- 

xiG(0,ro) T (a;i)l 




As in the previous section we define an auxiliary function 


_ 1 / /(cri)|f'(ro)p 

|F'(xi)| V/(ro)|F'(xi)P 


-b 


/(ro)|F'(xi)|^ ) 


1 / I /(a;i) 

Ii^'(xi)| Vc(ro)T'(xi)P 


cC'-o) |F'(xi)|^ , 


where 


c{ro) = 


/Lo) 

T'(r- 0 )P- 


Again, we would like to find the maximum of J^(a;i) on (0,ro). First, rewrite the expression for 
F{xi) using the definition of ipit) 


V'(t) = 




- 1 , 


to obtain 


F{x^) = 


1 


exp 




c{ro) 


f{xi) 


m 


-In 


c(?'o) 


f{xi) \ j ■ 


Note that this expression is very similar to (17.281) except for |F"'(a;i)| being squared in the argument 
of the exponential. 
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We thus proceed in the same way we did right after definition (17.281) and skip most details, 
recording only the main steps. Differentiating T(xi) with respect to xi and then setting the 
derivative equal to zero, we obtain 


F"{x\) 

\F'{xl)\^ 


= 1 + In 


i(to) 




fixt) J 


1 \ m— 1 


-1 1 + 2 


F"{xt) 

‘\F'{xt)\y ■ 


as an implicit expression for x\ which maximizes T{xi). Denoting 


we obtain from above 


(i.Bi)’ 


S = In 


c(ro) 


\F' 

f{xl) J 


- B = 


< a 


/, F’’^) \ 

+ \F'{x-W+2F''{x-) J 

+ \F'{xl)\A2F"ixl)) 

f\F'{xl)\^ + 2F"{xl) 


- 1 


V F"{xl) 


- 1 
m —1 


= c„ 


F"{xl) 


Now note that we can obtain a weaker bound from above in order to directly use the monotonicity 
property (I7.35L namely. 


Cm I 2 + 


\F'ixl)\^ 

F"{xl) 


= Cm2 


m— 1 


. , 1 \F'{xt)\^ 

2 F"{xl) 


+ Cm ( 1 + 


iF'jxtr 

F"{xl) 


where Cm > Cm- Finally, we obtain as before 


< ML (a;*) 


1 



/■ *\1—e 


(Xi) e V 

^ I-' / 


< Vixo), 


where the last inequality follows from the monotonicity property (17.351) and assumption (5) on the 
geometry F from Chapter 6 . This concludes the proof of (17.401) and thus the estimate for region 
7^l. 

For the region 72.2, the integral to be estimated is 


In2 = 


, , .../' /(^n)IF'(yi )l<» t 

f firo)\F'{yi)\a\ w(»i)|f'Uo)I V 

a I —rrrwT—rrr I dyi 


where 


i+M \fiyi)\F'{roW 


M = max 


\F'{xi)V 


A 
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Again, we would like to estimate the above integral by {Caipiro)). First, we rewrite the integral 
above as follows 

. = r ^ [ fir.)\F'iy,)\a \ f{y,)\F'iro)\^ 


Jx,+M \f{yi)\F'iroW 
and recall that we would like to show 


+M \fiyi)\F'iroW J f{ro)\F'{y,)\ 

° .j, f /(^o)l-P''(yi)l« \ fiyi)\F'iro)\^(p{ro) dyi 

+M \f{yi)\F'{roWj' f{ro)\F'{y^)\ ^{r.Y 


(7.41) In, < 4- {Ca^piro)) ■ 

Now consider two cases. If — 'h' obtain the easy estimate 


f{ro)\F'{yi)\a 

f{yi)\F'{ro)? 


= 4' 


I{r,)\F'{yi)\ 


\f{yi)\F'Yo)?I>{rY 
< 41 {Map{ro)) ■ 


ap{ro) 


Therefore, 


. / 1 11 r fiyi)\F'iro)W 

In, < 4- {Map{ro)) / dyi 

Jx^+M f{ro)\F'{yi)\ 

Jxi+M f{ro) \F'{yi)\ 


= ^(Mapiro)) , '^' , dy^<^{Mapiro)), 

Jxi+M f{ro) \F'{yi)\ 

where we used f'{yi) = f{yi)\F'iyi)\ and the fact that |A'(j/i)| is a decreasing function of yi. On 
the other hand, if 

17 42 ') fiyi)\F'iro)\'^I>iro) J_ 

^ f{ro)\F'{yi)\ M’ 

we can use supermultiplicativity of 4* in the form 

4'(A)r = 4'(A)4'(y) • < 4'(Ay)r-’^(’^) 


to obtain 


In, < 4' {avYo)) 


firo)\F'iyi)\a 

f{yi)\F'iroW ’ 


f{yi)\F'{ro)\^‘p{ro) 


f{yi)\F'iro)\^V’{ro) 
f{ro) \F'iyi)\ 




pro 

(7.43) = 4' {Mapiro)) / y\ 

J xi+M 


i+M V firo)\F'{yi)\ J piro) 

_j( S{yi)\P''{rQ)\'^<p(,rQ) \ 

n i-e ( /(yi)l-F'(^o)lV(^o) \ /(’■o)|F'(«)| j dyi 

Jx^+M^^ V fi'>'o)\F'iyi)\ J yl~^p{ro)' 


As before, we maximize the function 


(7.44) g{yi) = yl~ 


.!.( 1 fiVl) 

1 f{V\) 

c{ro) |J^'(j/i)|) 


= ®exp 1 + In c(ro) 


r ( 2 / 1)1 


- In c(ro) 


\F'iyi)\ 



132 


7. ORLICZ NORM SOBOLEV AND POINCARE INEQUALITIES IN THE PLANE 


for 1/1 G {0,ro), where c(ro) = {\F'{ro)\‘^(p{ro)/f{ro))- The value of i/* that maximizes G{yi) satisfies 


{l-e)iy*,r= 1+ in 


ciro) 


\F' fan I 

f{yl) 


1 \ m — 1 


- 1 I {yt)^~^ ( \F'{yt)\ + 


\F'{yl)\J ■ 


This gives for B = in 


-(ro) 


\F'iyt)\ 

f{vl) 


the estimate 




- B = 


1 + 


1 —£ 




- 1 




< 




(1-e) — 


yi\F'{yi)\ 

\F'{yi)? 


- 1 

yiF''{yi) 

\F'{yi)\ 

m — 1 


+1 


- {i-e)F?F, \ F"(i/i) 

where in the last inequality we used \F'{r)/F"{r)\ k, r. We therefore obtain 

G{yi) < G{yl) = (yj)'”"exp ({i + B^y - b) < (j/*)i--^ 

where in the last inequality we used the monotonicity assumption (j7.35|) and the definition 

7|J=’'{r-n)|2 , 

(p(ro) = roe(i-') ' ' . 


Thus we conclude from (17.431) 

In2 < ^ [ay^iro)) [ ia(p{ro))Ce < 4' (c'ea(p(ro)) 

Jx,+M ’’o yi ‘p{ro) ^ ^ 

which is (j7.41|) . 

To finish the proof we need to estimate the integral over the big region £. Recall that 'l'(t) is 
affine for t > 1/M, more precisely, we have 


v]/(t) = at — b 

/ 1 \ rn-l 

a=n + (lnM)”™j >1 

+ '-l) <a. 

Therefore, the required estimate (17.3711 becomes 


aa 




dyi - b 


|/:| 

|i3(0,ro)| 


< di {C(p{ro)a). 


Now note that if C(p{ro)a > 1/M then 41 {C(fi{ro)a) = aCip{ro)a — b and the estimate (17.3711 follows 
easily from the ‘straight across’ estimate (US. We therefore assume C(p{ro)a < 1/M and note that 
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5. SOBOLEV INEQUALITIES FOR SUPERMULTIPLICATIVE BUMPS WHEN t < 
it is enough to show 


(7.45) 


a dyi <'i' {C(p{ro)a). 


We now divide the region C into two pieces, namely Ci where K{x,y) ~ l/r/(a:i), and £2 where 
K{x, y) « ■ III dll the condition Kbi^q^^o) {x, y) \B (0, ro)| a > 1/M becomes 

M|B(0,ro)|a 


r < 


f{xi) 


Denote by Va the value of r that gives equality in the above, i.e. 

M|B(0,ro)|a 


(7.46) 


fi.xi) 


Then the integral on the left hand side of (17.451) restricted to £1 can be written as 

a dyi = axa, 

d yi-(xi,yi)^Ci 

or using (I7.46P to express a in terms of r^, and the estimate |i?(0,ro)| ~ 


a 


hv{xi,yi)^Ci 


, ^ 1 2 ,, 

dyi ~ t7^J{xi) 


M 


Inequality (17.451) for the region £1 therefore becomes 




f(.ro) 

\F'{ror 




or 


£(ro)^ ^(^^)|£'(ro)P^ ^ 


iWfioid 


< 1 . 


C^ro) V M /(ro) 

It follows from the definition of i/> that the function r {or) jg increasing function of r for 

all values of r such that cr < 1/M. For the left hand side of (17.471) we thus have an upper bound 


1 


Cip{ro) \M 


-d’iii) 


< 


ro 


-^iv) 


< 1 , 


Cip{ro) \M^ 

where the last inequality follows by choosing the constant C large enough depending on M. This 
shows (17.471) and therefore (17.451) . 

We now turn to region £2 where the condition Kb^oxo) (^> d) \F (0; I'd)! « > d/M becomes 

As above, denote by j/q, the value of yi that gives equality, and obtain the following expression for 
a in terms of ya 

1 f{y^) |f'(ro)p 

"^M|F'(y„)| /(ro) ' 
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The estimate (17.451) for region £2 therefore becomes 

^ ^ ^ / ^{rp) f{ya) |f'(ro)p 


ayo 


M\F'{yo,)\ /(ro) 


V M \F'{ya)\ /(ro) 


or 


Va ( £(ro) fijja) \F'{ro)\'^ 


2 \ 


‘^(^o) f(ya ) |r^(T.o)p 

“ |F'(ya)l f(r-o) 


< 1 . 


(^^(ro) V M \F'{ya)\ /(ro) 

Now note that the expression on the left, when viewed as a function of ya, has the form 

1 


:Q{ya), 


C'£(?'o)' 

with G{ya) as in (17.441) with e = 0 and a different constant c(ro). It has been shown above that the 
following bound holds for Q under the monotonicity assumption (17.351) 

c /l£hro)l! 

g{yc.)<roe "1^^+J =<^(ro), 
where we have put £ = 0. We thus obtain (I7.48|) and therefore (17.451) . | 

Now we turn to the proof of Corollary [Ml 


Proof of Corollary [Ml We must check that the monotonicity property (17.351) holds for 
the indicated geometries where 

/ {r) = fk,a (r) = exp |- ^In | ; 

F (r) = Fk^a {r) = ^In . 

We have 

r”'£(0 =exp|-(l-£)lni + C™ + |. 

which can be shown to be monotone by following the argument in the proof of Corollary 1931 Thus 
in the case ik = ikm with m > 2 and F = ^ with 0 < ct < we see that the superradius 

(f (ro) of the Sobolev embedding satisfies 


£(ro)<ro ^ 


and hence that 




ro 


ro 


\ l-o-(m-l) 


In the case k > 2 and cr > 0, we similarly obtain 

i^)' 


Tm-l) 


V>iro) 


ro 




~ 1 ~ 

• ro 


and this completes the proof of Corollary |98l 


for 0 < ro < 

for 0 < ro < 

for 0 < ro < , 



























CHAPTER 8 


Geometric theorems in the plane 


In this final chapter of the third part of the paper, we use our Sobolev inequalities for specific 
geometries to prove the geometric local boundedness and continuity theorems in the plane. 

1. Local boundedness and maximum principle for weak subsolutions 

Using the Inner Ball inequality in Theorem|331 together with PropositionlHll yields the following 
‘geometric’ local boundedness result which proves Theorem [12] of the introduction. 

Theorem 99. Suppose that u is a weak subsolution to E 2 P in a bounded open set U C i.e. 

Cu = = (/), where the matrix A satisfies U.8\) . where (p is A- admissible, and where the 

degeneracy function f = e~^ in satisfies i7.21\ l in Proposition dH In particular we can take 

F = Fa- = (ini)^^”^ with 0 < cr < 1. Then u is locally bounded in fl, i.e. for all compact subsets 
Kofn, 

II^IIl°°(k) ^ ^'k (l + lkllL2(n)) 1 

and we have the maximum principle, 

SUPU < SUPM+ . 

Q on 

Proof. Given 0 < tr < 1, choose to G (2,1 + i). Then cr < and so Proposition |92] shows 
that the inhomogeneous <I>-Sobolev bump inequality (|7.14|1 holds with the near power bump $ as in 
(I7.19p . Then since to > 2, Theorem l43l now shows that weak solutions to (13.11) are locally bounded. 

In order to obtain the maximum principle, we need to establish the $m-Sobolev inequality for H 
as given in (UTl. Of course, if U C i? {x, r) for some 0 < r < R, then this follows from Proposition 
|92] More generally, we need only construct a finite partition of unity {rik}k=i ^ consisting of 
Lipschitz functions ijk supported in metric balls B [xk, R). I 

2. Continuity of weak solutions for the geometries F^^a 

We would like to obtain a sufficient condition on the geometry F{x) that guarantees continuity 
of weak solutions provided all other assumptions hold. To this end we first note that we can take 
ip (r) in the hypotheses of Theorem 15.611 to be the maximum of the superradii ip (r) appearing in 
Corollaries [53] and 1981 Then it remains only to verify the doubling increment growth condition 
(11.211) for this choice of ip (r). For this we recall that 

(^(r) = (^)l) ^ 
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and prove that the growth condition (11.211) holds for 6{r). But from F{r) = F}. ,y{r 


we obtain 


r\F'{r)\ 



a 


and so 


Therefore we have 


5{r 


- + 
r 



(T(m —1) 




as r —>• 0, 


if 

(either) fc > 4 and cr > 0 
(or) k = 3 and a < 

' m—1 _ 

The above calculations complete the proof of Theorem [551 


= - Ini ('inW iV 

r y r J 






Part 4 

Sharpness of results 



Here in this fourth part of the paper, we consider the extent to which our theorems above are 
sharp, first with respect to the Sobolev assumption, including the superradius, then with respect 
to the admissibility of the right hand side (j) of the equation Cu = (j), and finally with respect to 
the geometric assumptions made on the quadratic form associated with the operator C in the left 
hand side of the equation. Our sharpness results for </> are quite tight, and correspond to the well 
known sharpness condition (j) G for elliptic operators C in n-dimensional space. On the other 

hand, we have been unable to establish any sharpness with respect to the quadratic form of C in 
the plane, and in K.^ only with respect to local boundedness, even then leaving a large gap of an 
entire log between our sufficient and necessary conditions on the geometry. 



CHAPTER 9 


Examples in the plane 


In this chapter, we first consider sharpness of Sobolev and superradius, and then we demonstrate 
a very weak degree of sharpness for our results. We now recall our inhomogeneous equation in 
which, under certain additional assumptions, we can obtain local boundedness and continuity of 
weak solutions. Consider the equation 

Cu = (/) in n 

where £, A, and / (x) = are as above, and (f> G L'^ (fl) for the moment. In order to determine 

the most reasonable conditions to impose on (j> we will first look at the associated homogenous 
Dirichlet problem, where the most general condition presents itself. 


1. Weak solutions to Dirichlet problems 

Consider the homogeneous Dirichlet problem for C = 

(9.1) 

We say u S {^) is a weak solution of ^ in D if 


Cu = 4) in Q 
u = 0 in dCl 


— I \7u*^'^AVw = [ (j>w, w G (Cl ), 

Jq Jn 

and we say u satisfies the boundary condition m = 0 in dfl if m G (^)- Thus altogether, 

u G (D) is a weak solution to (|9.1I) if and only if 

— f Vm*''AVu> = f (j)w, w G (H). 


Now consider the bilinear form 


B{v,w) = j Vu*''AV?n, v,w G (Cl), 

on the Hilbert space (Cl). This form is clearly bounded on (D), and from the 

‘straight across’ Sobolev inequality 

[w^<C [ \Vaw\\ wg{w](^) (Cl), 

JQ. JQ \ Jo 


we obtain that B is coercive: 


B(w,w) = IjC7Awf>^IjC7Awf + ^J^w^ = ^ \H\lw),^^)^iQ) ■ 
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We now see that (ED has a weak solution u G if and only if ^ G i^)* where the 

dual is taken with respect to the pairing 


[(j), W]= (j)W. 

Jn 


Thus the elements (p of (£7)* are distributions more general than functions. Indeed, if 
(p G then by definition, the linear functional 


w G 


{wip (n). 


A^w = / pw, 

Jn 

is bounded on (17). So by the Lax-Milgram theorem applied to the coercive form B, there 

is u G [Wa^^ (17) such that 

— I pw = —A^w = B {u,w) = I Vu^'^A\7w , w G (17), 

which says that 7/ is a weak solution to the homogeneous boundary value problem (19.11) . Conversely, 
if M G (17) is a weak solution to (19.11) . then 


lA^wl = 


pw 


Vu^'^AVw 


- Ill'll (W"i'')oW 


implies that is a bounded linear functional on (17), i.e, that p G (S^)*■ 

Problem 100 . The homogeneous boundary value problem is thus solvable in the weak 

sense when p G IT4’ ( 17 )*. Note that this space of linear functionals includes those induced by 
( 17 ) functions. Two natural questions now arise. 

( 1 ) UTien are these weak solutions u G {Wa^'^ (^) locally bounded? 

( 2 ) IkTien are these weak solutions u G ( 17 ) continuous? 

In order to further investigate regularity of the these weak solutions, we let $ be an Orlicz bump 
(smaller than any power bump) for which the pair ($,B) satisfies an -A Sobolev inequality. 
With $ denoting the conjugate Young function to $, we now assume that 


GL'' 


which is a weaker assumption than p G L°° , but not as strong as p € L‘^ for all g < 00. Recall 
that to make any progress on proving regularity of weak solutions through the use of Cacciopoli’s 
inequality, we assumed above that the inhomogeneous term p is A-admissible. Here we invoke the 
stronger condition that p is strongly H-admissible as in Definition 1321 i.e. there is a bump function 
$ such that the Sobolev inequality holds for the control geometry associated with A and such that 
p G L® where $ is the conjugate Young function to $. In the next section we will show that strong 
A-admissibility of p is almost necessary for local boundedness of all weak solutions u to Cu = p. 






2. NECESSITY OF SOBOLEV INEQUALITIES FOR MAXIMUM PRINCIPLES AND SHARPNESS OF THE SUPERRADIHS 


Note that by Young’s inequality applied to {y) = K {x, y) times we have 


sup 

x£B{0,r) 




< sup \\K^ 


, (B(0,r)) ll'^llL*(B(0,r)) 

/B( 0 ,r-) xeB{ 0 ,r) ^ ^ . U 

~ ll</>llL4(B(0.r)) ■ 

Thus the requirement that (j) is strongly yl-admissible implies that TB(o.r)4’ is bounded for all balls 
B {z,r), but is in general much stronger than this. We remind the reader that the point of (j) being 
strongly ^-admissible is that we then have a Cacciopoli inequality for weak solutions to Cu = (j). In 
this setting our regularity theorems become: li F Ki Fa- with 0 < cr < 1, and if (p is Fcr-admissible, 
then weak solutions u to Cu = (p are locally bounded. There is an analogous theorem for continuity 
of weak solutions u to Cu = p when p is strongly Al-admissible. 

2. Necessity of Sobolev inequalities for m 2 Lximum principles and sharpness of the 

superradius 

Here we show the necessity of the Orlicz Sobolev inequality for a strong form of the maximum 
principle, namely the global boundedness of IT^’^-weak subsolutions to 

(9.2) Cu = p, 

in a bounded open set fl that vanish at the boundary dfl in the sense that u € (fl). 

Proposition 101. Suppose that for every p & ^ (H), and for every -weak subsolution u to 
(1921) in Q vanishing at the boundary in the sense that u G (H), we have the global estimate 

(9.3) IkllL-(a) <C||</>ll$(a). 

Then the following Orlicz Sobolev inequality holds for all functions v G Lipo{fl): 

(9.4) lk'||$(a) <C"||VAi;||L2(a). 

The proof is almost exactly the same as the proof of Lemma 102 in [SaWh4] . but we will 
record the main steps and point out the differences. 

Proof. Let v G Lipo{n). Then from (19.21) we have 


v^P= / v^V^^AVu=-2 


/ v {Vau,Vav) 
Jn 


< 


IIVai 


iivAi^ir 


Following the proof of Lemma 102 in [SaWh4] we obtain 

(^sup \u\^ ^ II VAiif < C)||</.||5(^) ^ II V^riir 
where for the last inequality we used (lOl) . We therefore have 




l$(n) 


= sup 


=1 




<c ||V^i;|| 
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2.1. Sharpness of the superradius. Armed with Lemma 1551 above, we can show that in 
the infinitely degenerate case for t small, the superradius (fi (r) in the (ilim) i^)-Sobolev inequality 
with m > 2 must be asymptotically larger that r, i.e. that limj—j-o = oo. Set ^ (r) = for 
convenience. 

Lemma 102. Fix ro > 0 and let Bq = B (0, tq) and Bi = B (O, . If the single scale (dimj f)~ 

Sobolev inequality holds at scale vq for some m > 2, then 

A:,7)|^. 

I .B I f (. 1 

Since lim,ro-»-o ~ Hmro-s-o ~ ^ when / is infinitely degenerate, we immediately obtain 

as a corollary of the above lemma that we can never have (p (r) = O (r) in the case of an infinitely 
degenerate geometry F. In fact for the geometries Fi^a- we have the following corollary that shows 

our choice of superradius ip (r) = re r) is essentially sharp up to e > 0 arbitrarily small. 

Corollary 103. If the single scale ('I'm, <p)-Sobolev inequality holds at scale rg for some m > 2, 
and with the geometry Fi^„, then we have 

(f (ro) > e V '■0/ . 


Proof. It suffices to observe that 

|B„r /(M ' 



Proof of Lemma 11021 Let ^ nonstandard sequence of Lipschitz cutoff functions 

at scale rg, and let be the corresponding sequence of balls. With ih = 4'm we have 

\Bj+i\ 


"Ij+i = 


\Bg 


* - L * - * (‘"‘’'"'X. i^) 


< ( ^(ro) ) = ^'( ^(ro) 


J 


'I-(l) 


and iteration gives 


Ij+i < ? (ro) )<«'(? (ro) 


,T, / - ^ 0 ' - 1 ) 


'P(l) 


< \tp (ro) 


'I-(l) 


^ ^(rg) 


(j-ir 

'I-(l) 


^ ^(rg) ■ 


B, 


11/(1) 


-7,-1 




Then for ui x> 2. L6iiinicLl56lffivGS tliG conclusion of LcninicLll02l in view of the fncts tlmt inf i \Bj\ > 
0 and limj_,.oo (C) = 0 if C = C{BQ,m, M, K,j) < 1/M is the constant appearing in Lemma 
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3. A discontinuous weak solution 

Suppose that 

(1) i) {x) is smooth, even and strictly convex on M, ip (0) = 0, and so both ip {x) and ip' {x) 
are strictly increasing on [0, oo), 

(2) X (s) is smooth and odd on M, x{s) = s for s G [—1,1] and that X («) = 0 for * ^ 2], 

Then define 


u{x,y) = X 



X 


Note that u fails to be continuous at the origin (this is where we use x (s) = s for s G [—1)1]) but 
equality is not important, x (s) ~ s will do). We compute with 


that 


and 


so that 


s = s{x,y) 


y 

ip{x)' 


ds 1 ds Ip' {x) y 

dy ip{x)' dx tp(xf ’ 



d'^s 


Ip" jx) y ^ ‘^ip (x) \ip' {x)\^ y 




2 d'^s 
dy'^ 


Ip" (x) y 2ip{x) \ip' {x)\'^ y 

(iPixf)" 


Now we compute the first derivatives of the composition u = x° s: 


-^u{x,y) 

dy 


0Q 


X'(s) 


1 

1 p{x)’ 


dx 


u{x,y) 


X' (s) 


ds 

dx 


-x' (s) 


jx) y 
ip{xf 


Given a geometry F such that / (x) = e satisfies 


( 9 . 5 ) 


/ {x) < y^lp (x) 
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we compute that u € i.e. 



upon using the standard inequality ijj' {x)^ < ip {x) for smooth nonnegative ip, and our assumption 
(19.51) on /. 

The second derivatives of u are 




V'(s) 



^ r r \ 

+ X(^)^ 


X"is) 



+ X'{s) 


d^s 



f f'W)y\ t: .( V’"(^)y 25 /.(x)I t/.' 


SO that the operator C 



+ f{xf 


a'^ 

dy'-‘ 


satisfies 


Cu 


2 d^u 

dx^ ^ ^ dy^ 


x"W - 


i’' jx) y 

p)(xf 


+ X (s) 


V’" (x) y ^ 2 i/> (x) \'ip' (a;)|% \ 


+/(^)"x"(s) 



2 


X"{s) 


W fixf \ 

-tpixf -tpixf) 


+ x' (s) 


Ip" {x) y ^ 2 \ip' 

ipixf -tpixf J 


x" (s) A (x, y) + x' (s) B (x, y). 
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Now x" (s) = x” (^) is supported where y r; V' (a:), and x' (s) = x' (^) i® supported 
where y % ip (^) > so that 


A{x,y) 


+ I , , W {x)\ 

- and \B[x,y)\ < 


ip{x) 


Thus with 


= x" 


y 


Ipix) 


A (x, y) + x' 


y 


ip{x) 


ipix) Tp{xf 


B {x,y ), 


we see that u € is a discontinuous weak solution to the equation £u = 4>. However we cannot 
expect that (p is A-admissible. In particular we cannot have Cu G if the strong form of the 
<i>-Sobolev inequality (17.151) holds. 


3.1. Non-admissibility. If ip is as above, and $ is any Young function, we have by duality 


that 


A dx 


X Jo 4’ (x) X 


1 1 , . N , 

—Ip [xj dx < 


1 


1 

1 p{x) 

{'ip{x)dx) 

X 


{'ilj{x)dx) 


which shows that either 


1 

777) 


or 


is infinite. 


Now the integral arising in the endpoint inequality (17.201) (which is equivalent to the strong 
$-Sobolev inequality (17.151) 1 in the special case cci = 0 is essentially 

[ ^{hy,\B{0,ro)\) 


$ 


1 


\B (0,ro)| h 


B{0,ro)\ 
dr 


|S(0,ro)|’ 


since K {x,y) « Ir^hy^-x^- 

We now define ip hy ip (0) =0 and ip' = f, and we wish to express the above integral in terms 
of Ip. We will use the estimate ~ together with the following estimate. 


(9.6) 


It suffices to show that 


/M = _V.M=b-— 


/M" 

I/' (a;) I 


= 2/(x)- 


ip{x). 




= /(^) 2 - 


/' i.x) 

for sufficiently small x > 0, and for this it suffices to show 

1 f {x) f" (x) 

2 /' {x) 

However, the second inequality is obvious and the first is equivalent to 




3 ^ / [x) f" jx) 
2 - /' {xf 


— F —F 

e e 




- F' 


.-Ff' 


= 1 - 


F" 
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which is obvious since F" > 0 is one of our five assumptions on the geometry F. 
Thus with X = r we have 

\2 rl 


$ 


/o 


1 


hr dr ; 


$ 


\fix)\\ fix) 


0 \fix)^ \f'i^)\ 


dx 


$ 


/o 


1 


'fix) 


Ip (x) dx 


is infinite if 


1 

ifxj 


is infinite. Thus the endpoint inequaiity (17.201) faiis, and hence the 

L^('4,{x)dx) _ ^ 

strong form of the <i?-Soboiev inequaiity (17.1511 faiis. 


On the other hand, Cu ~ > ^ > y, and so using hr ~ ~ V” (^) we have 


firf 




$ iCu)dyidy 2 




-fix) 


V' (x) dx > / (x) dx, 


which shows that Cu f if ||y is infinite. 


Conclusion 104. For the disco’atmuous weak solution uix,y) = X j to the equation 

Cu = (p, we must have either that (p = Cu f , or that the strong form of the ^-Sobolev 
inequality J 7.1 5[ ) fails. Of course it is conceivable that this function (p is strongly A-admissible for 
the geometry fix) = |i/’^(x)| using the standard form of Sobolev J?. or by using a different 
Orlicz bump dt altogether, but this remains unkown at this time. 

Nevertheiess, using that ^■u(x,j/) = x' (:^) ~ y = ^tpix), and so that 

-^u (x, y) is unbounded near the origin, the weak soiution v = -^u (x, y) to Cv = (p, as constructed 
above, can be used to show that the assumption of A-admissibiiity is almost necessary for all 
weak solutions to be locally bounded, and we show this in the subsection on the near finite type 
case below. On the other hand, we do not know if ^-admissibility of (p is sufficient for all weak 
solutions to be locally bounded, and our main result on local boundedness requires not only that (p 
be A-admissible, but that the degeneracy of the equation be near finite type in a specific sense. 


3.2. The finite type case. Suppose that ip (x) = with N even, and take / (x) = 

Ip' (x) = x^. Then with u = x (^ 0 ^) we have 

Cu < + 

\ fix) fixf j 


= Ir 


NiN -l)x 


N-2 




V 

and then since hr ~ rf ir) = we have 






/S(0,1) 


\Cu\ 


hr^^dr : 

J.2q 


„N+1- 




and so Cu G (B (0,1)) if and only if g < But the finite type regularity theorem assumes 

$ it) = t^^, so $ it) = t^^ and so q > This shows the sharpness of the assumption h € 
for q > 
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3.3. The near finite type case. Suppose that i/; (x) = e i so that i/; (a;) 

Then -ip" (x) = —(1 + a) (in i and so 






J / (In a" , 


. l,Mi:(l + [/(.)e('0)- 

Note that if we take / (x) = ip' (x) = e“(^" , then 

(in 

Tn < Ir ^ , 


while if we take / (a;) = -^/ip (x), then 


£u < Ir 




/ 1 \ m 

Consider a near power bump <I>m (/) = . Now we compute 




Now take the inverse of s = <i>^ (t): 

Ins = ^(Int)™ + + (to — 1) In ^(Int)™ + 1^ — -Inlni —Inf 


= ((lnt)“+l) <1 + 


(to — 1) In ^(In /) "• +1^ — 22^ In In t — In / 
((lnt)- + l)™ 


In i + TO (In i) “ ) < 1- ;; 77 : 7 - > = to (In t)' 

^ ^ ( In i + TO (In /) ” J 


which implies that 


In / « ( — In s 

V TO 


<I>J(s) = = 

/T/l 

3>m(s) « - > «- J - 

^-r (—Ins)*”-^ (Ins)™-1 

m—1\m ) ^ ' 
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9. EXAMPLES IN THE PLANE 


Now we compute to see when Lu £ . Assuming that / (a:) = ijj' (x), we have 

V 2cr 


In jCu = In 


(Ini)"" 1 1 

= 2crlnln- + 21n-, 
X^ XX 


and so 


< 


IB{0S) 


'S(O.l) 


{Cu) 

gin Cu+(^^ In Cu'j 

(In Cu)"--^ 


-dxdy </'!/' (x) 


gin Cn+(:A In Cu^ m-l 


(In £u)’ 


-dx 


< 


exp { - In 1 - (In 1) } exp {2a In In 1 + 2 In 1 + (A (2a In In 1 + 2 In 1)) } 

) (Inj)" (2alnlni + 21ni)^ 

.1 exp{-lnl-(lnl)^+‘- + 2alnlnl + 21nl + (A(2alnlnl + 21nl))^} 

3 (lni)'^(2alnlni + 21ni)^ 

ni exp (In+ 2crlnln ^ + In j H-(2tTlnln i + 21ni) | 


dx 


dx 


dx. 

Jo (Ini)"" (2crlnlni+21ni)^ 

Now in the event that 1 + cr > i.e. a > then the numerator is clearly bounded and so 

m—1 ■ m—1 ■ ^ 

the integral is finite. But we only have a $m-Sobolev inequality for the geometry Ao- if cr < . 

Finally we compute 


d ( 
(j){x,y) = C—u=< 


y 


, A+y(rf 21 lA,. 

dy'^) dx^\'ip{x) 


dx [dx^^^ dy^ 


= o 


X 


y 


Ipix) 


- 2V>' (x) (x) ( 


iIj{x) 


( 

Ip' {x) 

3 

l 

Ip' (x) 

r{x) 


P'" (x) 


tp{x) 


p{x) 

i){x) 


p[x) 


Conclusion 105. Let < a < ■ Then (j) = Cu £ and the -Sobolev inequality 

J 7. 1 5[ j holds. Thus u is a discontinuous weak solution to the equation Cu = (p, where 4> comes 
arbitrarily close to being strongly A-admissible for the geometry in the sense that \m — m'\ can 
be made as small as we wish. Moreover, -^u is a locally unbounded weak solution to the equation 
C-^u = (j), where (p also comes arbitrarily close to being strongly A-admissible in the sense that 

(p £ and the -Sobolev inequality 1 7.1 5| j holds, and where \m — m'\ can be made as small as 

we wish. 


In particular, the above conclusion shows that if all nonnegative weak subsolutions u to Lu = 
p £ L* are locally bounded, then the $-Sobolev inequality holds. 





























CHAPTER 10 


An extension of the theory to three dimensions 


In this second chapter of the fourth part of the paper, we consider an extension of the theory 
above to the model operator 



of Kusuoka and Strook [KuStr] who have shown (see also M. Christ [ChF] and the references given 
there for a nice survey of the linear situation) that when / (xi) is smooth and positive away from 
the origin, the operator Li is hypoelliptic if and only if 


lim r In / (r) = 0. 

r—>0 


We consider the analogous problems for local boundedness and continuity of appropriate weak 
solutions to rough divergence form operators Li = div^V with quadratic forms A controlled by 
that of £i. In particular, we show that 

• for our geometries in the range where Ci fails to be hypoelliptic, our operator Li fails to 
be weakly hypoelliptic - in fact there are unbounded weak solutions u to the homogeneous 
equation Liu = 0, and 

• for our geometries in the range where £i is hypoelliptic, we establish local boundedness 
and maximum principles for all weak subsolutions u to admissible equations Liu = 0, but 


only provided the degeneracy of / is an entire log better than limr_>.orln/ (r) =0. This 
gap arises as a consequence of the failure of Moser iteration in the absence of an Orlicz 
Sobolev inequality for a bump function with m > 2. It remains an open question 
whether or not local boundedness and the maximum principle hold for subsolutions u to 
Liu = (j) for the geometries in this gap. 


1. The Kusuoka-Strook operator £i 


We first compute the geodesics and areas of metric balls corresponding to the operator £i, 
and then use this to calculate the corresponding subrepresentation inequality. Then we compute 
the Orlicz bump Sobolev norms and obtain local boundedness and continuity of weak solutions. 
Finally, we show that for very degenerate geometries, there exist unbounded weak solutions u to 
the homogeneous equation Liu = 0. 

1.1. Geodesics and metric balls. Let ^(t) = {xi{t),X 2 {t),X 3 {t)) be a path. Then the arc 
length element is given by 
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10. AN EXTENSION OF THE THEORY TO THREE DIMENSIONS 


»2 

a:i,X3 I 


0 


Thus we can factor the associated control space by 

'10 0 
0 1 0 
.0 0 [/(xi)i-2j 

We begin with a lemma regarding paths in product spaces. 

Lemma 106. Let and {M 2 ,g^^) be two Riemannian manifolds. Let us consider the 

Cartesian product Mi x M 2 whose Riemann product is defined by 

5(p.9)((ui,M2), {vi,V2)) = g^^{ui,vi) + g^'^{u2,V2). 

Here 


(p, q) G MiX M2 and (ui, U2), (ui, U2) G Tp {Mf) © Tp {M2) ~ T(p,q) {Mi x M2) . 

Given any path 7 : [a, b] —>■ Mi x M 2 , we can write it in the form ( 7 i(t), 72 (i)); here 'Ji : [a, b] 
Ml and 72 : [a,b] —>■ M 2 are paths on Mi and M 2 , respectively. Then we have 


hll > \/||7iP + ll72lP 

Where || 7 ||, || 7 ]^|| and II 72 II represent the arc length of each path. In addition, the equality happens 
if and only if 

ll7'lWII,M. ||7'2WII,M. 

10.1 - 3 —if—= - II if , a<t<b. 

hill II 72 II 

Proof. For simplicity we omit the subscripts of the norms ||7i(^)llff"i and II72WII gM 2 SO that 
llhII = la \/||7j (Of dt. Using that 

hill „ , , 117211 


hif+ h2f 


h'i(i)ll + 


Vhif+ 11721 

< Vll^'iWf+ h'2 


1172 (Oil 


with equality if and only if 


h'i(0ll 

hhOII 


is parallel to 


hil 

II72I 


we obtain that 


> 


\/\WAt)f + \W2(.t)fdt 

hill 


hif+ h2f 


h'i(0ll + 


1172 


Vhif+ h 2 ir 


1172 (Oil 


hiir 


Vhif+ h2f Vhif+ 117211 
with equality if and only if (llO.ip holds. | 


=v/hif+ h 2 ir 

.. O .. O ’ 


Corollary 107. A path 7 = ( 71 , 72 ) is a geodesic of Mi x M 2 if and only if 
(1) 7 i is a geodesic of Mi, 
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( 2 ) 72 is a geodesic of M 2 , 

(3) and the speeds of and 72 mateh, i.e. the identity holds for all 

t. 


Corollary 108. The distance between two points {pi,qi), (p2,<72) G Mi x M 2 is given by 

dg{{pi,qi), {P 2 ,q 2 )) = \J[dgM^{pi,P 2 )\^ + [dgM 2 ( 91 ,( 72 )]^. 

Thus we can write a typical geodesic in the form 

2^2 = ^2 ± fc - du 

and a metric ball centered at y = (j/i, 2 / 2 , 2 / 3 ) with radius r > 0 is given by 

B {y,r) = |(xi,X2,a;3) : (xi,X3) G B2D ^(^1,2/3), - \x2 - y2f^ | , 

where B 2 D (ct, s) denotes the 2-dimensional control ball centered at a in the plane with radius t that 
was associated with / above. 

1.1.1. Volumes of three dimensional balls. Recall that the Lebesgue measure of the two dimen¬ 
sional ball B 2 D (x, r) satisfies 


1^20 {x,r)\ 


r'^fixi) 

f{xi+r) 


if r<j^ 
if r > 


L \F'(xi+ryf ' - |F'(xi)| 

Lemma 109. The Lebesgue measure of the three dimensional ball B(x,r) satisfies 

^3 , 

\B{x,r)\ 


r-fixi) if r< 

if r> 1 


L \F'{xi+r)\^ 

\B 2 d (x,r)|min<l r, 


|F'(^i)l 


1 


\F'{xi)\j- 

Thus to pass from areas of two dimensional balls to volumes of three dimensional balls, we 
simply multiply the area of the ball by the factor min |r, I- 

Proof. To estimate the measure |il (a;,?")| of a three dimensional ball B {x,r) we can assume 
without loss of generality that X2 = X3 = 0 and we then consider two cases. 

Case r < In this case we have < r < and 


B 2 D ^(xi, a;3), \/r‘^ - 2/1^ 


-yl)fixi), 


which gives 


r r 

B{x,r)\= J B 2 D (^{xi,X3) dy 2 k. J {r'^ - yl)f{xi)dy 2 Fi r^f{xi). 


Case r > In this case the integral in 2/2 G (Oj^) is divided into two regions. 
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Region 1: 0 < y'- yl < In this region we have 


B2D ^(a:i,a;3), \Jr'^ - 


(r -y2)fixi). 


Thus we obtain 


r r 

j B2 d (^(a;i,X3) ,\jr‘^ - yl^ dy2^ J {r^ - yl)f{xi)dy2 






= \ r \ r - Jr^- 


|F'(xi)|0 3 


r - i - 


\F' (a;i)|^ 


_ rfjxi) 

^ |F'(xi)|' 

where we used the estimate 


r — Jr^ — 


\F'(xir 


Region 2: pv^ 7 )| < -yl < r. In this region we have 0 < y 2 < 


B2D ({xi,X3), -yl 


f (xi + - 2/1) 


F' 


+ \/ 


- 2/1 


2 ■ 


Thus 


■2 _ 1 -^ 

F^bu)P 


J B2d (^(a;i,X3) - yl^ 


dy2 


fjxi +r) 
\F' {xi + r)|" 


where we used 


{\F'^J ~ \F'is) 


so for S = 


2\F’(xi+r )\’ 


we have 


f{xi+r-6) _ Jf{s)\' 


_ 1 /(xi+r) 

U-.i+r 2|F'(xi+r)|2 


\F'{xi+r-6)\^ Vl^'^ 

by the tangent line approximation. 

Combining the estimates for Regions 1 and 2 we obtain for the case r > 

f{xi +r) 


\B{x,r)\ 


\F' {xi + r)| 


3 • 


< r and 


j f{xi) 


and 


that 
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1.2. Subrepresentation inequalities. The subrepresentation inequality here is similar to 
Lemma [84] in two dimensions, with the main difference being in the definition of the cusp-like 
region T (x, r) in three dimensions. In three dimensions we define 

OO 

= \jE{x,rk)] 

{ Xi + rfc+i < < Xi + rfc 

y = (j/i,y2,2/3) : |y2| < \Jr^ - {yi-xif 

\y:i\ <h* xi) ^ 

where just as in the two dimensional case, we can show \E(x,r]^)\ k, \E {x,r}^) B {x,r]^)\ Ri 
\B{x,rk)\. Let \B {x,d{x,y))\ denote the three dimensional Lebesgue measure of B {x,d{x,y)) 
where d (x, y) is now the three dimensional control distance. 


r(x,r) 

E {x,rk) 


Lemma 110. With notation as above, in particular vq = r, ri given by |y.l[ ), and assuming 
Ie(x ri) = 0 ; have the subrepresentation formula 


w{x) <C [ \VAw{y)\ 
Jr{x,r) 

where Va is as in U.lffl) and 

d (x, y) = min d (x, y ), 


d{x,y) 


\B{x,d{x,y))\ 


dy, 


\E' (xi +d{x,y))\ J ■ 


The proof is very similar to that of the two dimensional analogue, Lemma [Ml above, and is left 
to the reader. 


1.3. Sobolev Orlicz bump inequalities. Let Ts(o,ro) t>e the positive integral operator with 
kernel ro) defined as in (17.6p . 


EB{xAo) — 


d{x,y) 


\B {x,d{x,y))\ 

and recall the strong ($, (/ 3 )-Sobolev Orlicz bump inequality (17.151) . 


(y), 


( 10 . 2 ) 


$(-l) 


' B(0,ro) 


^ {TBi0.,To)9) dy- \ <Cip{ro) 


Note: Define the dilate $5 of by 4)5 (t) = i5<l>(|). Then the above strong $-Sobolev 
Orlicz bump inequality holds for $ if and only if it holds for all dilates $ 5 . Indeed, with 
s = 4)5 (t) we have (s) = t and so (110.21) implies 


<i) 


(- 1 ) 


if <i>5{TB(o,ro)g) dyf] = (TB{0,ro)^) dfj. 

\dB{0,ro) J \° JB{0,ro) ^ ° / 




< <5C<p(ro) I =C^(ro) 
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We have the following three dimensional version of ProDOsition l92l where by a geometry we 
now mean the three dimensional geometry with metric 


1 0 0 
0 1 0 
0 0 /(xi)' 


/(s) = e 




Proposition 111. Let 0 < tq < 1 and > 0. Suppose that the geometry F satisfies the 
monotonicity property: 


(10.3) ip{r) = / 


'M|% iV 


is an increasing function of r G (0, tq) . 


Then the ($, Lp)-Sobolev inequality 1 7.1 5[ ) holds with geometry F, with ip as in |7.^1[ ) and with $ as 
in ^7.19^ , m > 1. 

The analogue of Corollary 1^31 holds here as well, and its proof is essentially the same as before. 

Corollary 112. The strong ^-Sobolev inequality U0.2\) with $ as in (ME>’ m > 1, and 
geometry F = Fk,a holds if 
(either) k >2 and a > 0 and ip{rfi) is given by 


l-Cr 

Tiro) = I'd 


( i „(0 


• ro 


for 0 < ro < /3 


771,(7 5 


for a positive constants Cm and fim a depending only on m and a; 
(or) k= \ and a < and ipirfi) is given by 


Tiro)=rQ ^ 


for 0 < ro < 


for positive constants Cm and (3^ ^ depending only on m and a. 

Conversely, the standard {^,ip)-Sobolev inequality {T-IJ)) with $ as in ^7.19( 1, m > 1, fails if k = 1 
and a > 

Remark 113. Recall that in the two dimensional case, we had 

\B 2 d (x, dix,y))\Ki hx,yd (x, y). 

In the three dimensional case, the quantities hx^y and dix,y) remain formally the same and 

1 


\B {x,d{x,y))\ Ri \B 2 d ix,dix,y))\uimidix,y) 


\F' {xi +d{x,y))\ 


= \B 2 d ix,dix,y))\dix,y). 
Thus in three dimensions we have 


\B {x, d {x, 2 /))| Ri hx,yd (x, y)^ , 























1. THE KUSUOKA-STROOK OPERATOR £i 


155 


and hence the estimate. 






d{x,y)hy,-^^ 


\F' {xi +r)Y 


Q < r = yi — xi < 
0 < r = yi — xi > 


1 


|i^'(xi)| 

1 


f{xi +r) 

Thus the three dimensional kernel Ksixjy) is obtained from the corresponding two dimensional 
kernel by dividing by the factor d (x, y). On the other hand, the volume \B (x, d (x, 2 /))| of the three 
dimensional ball B {x, d (x, y)) is obtained from the corresponding area of the two dimensional ball by 
multiplying by the factor d (x, y). This has roughly the same effect as replacing the bump function 
$ {t) with the dilate $5 (<) where 6 = d{x,y). By the Note preceding Provosition \lll\ we expect that 
\10.2\) holds for a three dimensional geometry F if and only if {7.15^ holds for the corresponding 
two dimensional geometry F. Of course 6 = d(x, y) is not a constant and so below we carefully 


modify the proof of Proposition Iff ill by adjusting for the factor 


d(x,v) 


in three dimensional kernel, 


and the factor d (x, y) in the volume of the three dimensional ball. 


Proof of Proposition [Tm Just as in the proof of Proposition [ 
analogue of (17.231) . i.e. 


it suffices to prove the 


$ 


K{x,y)\B\ 
uj(r (B)) 


dg{y)<CmT{r{B))\F'iriB))\ 


for all small balls B of radius r {B) centered at the origin, and where w (r (B)) is the same as in 
the proof of Proposition [MJ i.e. 


uj{r{B)) = 


tm\F' {r{B)) 




Here \B\ and K{x,y) are now given by 


1^(0, ro)| 


fjro) 

\F'{roW" 


and 


K{x,y) = 


r2/(aii)’ 

\F'{xi +r)Y 


0 < r = yi — xi < 


0 < r = yi — Xi > 


1 


|F'(aii)| 

1 


/(xi+r) ’ l^'(a;i)| 

where we are writing as Sy„^-xi = Sr since the quantity Sr is essentially a cross sectional area 

analogous to the height hr in the two dimensional case. As before, write as 


where for t > E, 


$(t) fort> 0 , 

= (1 + (Inf)"™^ -1 


m 


(Int) 


1/m ’ 
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and for t < E, 


HE) 




hit 


(10.4) 


Then arguing just as before it suffices to prove the analogue of fl7.25p . 

^ pro-Q 


^0,ro — xi — 


’(’’o) 


|i3(0,ro)| \ 

SrUj{ro) ) 




dr < Cm <p{ro) \F' (ro)| 


where Cq is a sufficiently large positive constant, and of course |i?(0,ro)| is now the Lebesgue 
measure of the three dimensional ball B (0,ro). 

To prove this we divide the interval (0, vq — xi) of integration in r into three regions as before: 

(1) : the small region S where < i?, 

(2) : the big region TZi that is disjoint from S and where r = yi — xi < and 

(3) : the big region 7^2 that is disjoint from S and where r = yi — xi > 

The region S is handled just as before. 

We now turn to the first big region TZi where we have Sy^-xj ~ r'^ f{xi). The condition that 
7^1 is disjoint from S gives 


|i3(0,ro)| 


> E, 


r^f{xi)uj{ro) 

where A = A(a:i) = 


i.e. r < 


A 
E’ 
mO,ro)\ 

f{xi)u} (ro)’ 


and so as before 


'Til 


$ K 


^B{0,ro) 


{x,y) 


dy 


1 


1^(0, ^o)l 
w(to) y |B(0,ro)| oj{ro)Jo 


^min< yj ^, 






WJ 


dr. 


We now claim the analogue of (17.261) . 


A _. 


U) 


{ro) 






\ / 


dr [tm) 


Now if 


< 


E - |F'(a:i)| 
1 


, then with the change of variable t = 


_A 

■p2 5 


A __ 


UJ 


(ro) 








dr = C- 


{ro) 


Va[ 

J E 


dt 


E 


w (ro) 


E '{^dt = C^_ — ^^'/A<Cetmro\F'{ro)\. 


which proves (110.41) if 


< 


E - |F'(a:i)| 

So we now suppose that \/ 4 > 


' w (ro) 
since ro < (ro). 


E ^ |F'(a.i)| 


. Making a change of variables 



A{xi) 

j,2 ’ 
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we obtain 


1 fwkiTl f , 1 

' dr = —;—r V A 


'(ro) 


'0 


r2 j 


'(ro) 




lA\F'ix^)\^ 


Integrating by parts gives as before 

/*oo /*oo 

/ = / 




lA\F>{x^)\- 


i?^(^)+i dR 

3 i?2 


^ 2{A\F'ix,)\^) 


2\'P{A\F' {xi)\'^ 


3 ^A\F'{xi)\^ 

Taking E large enough depending on m we can assure 


-I ' 


m — 1 
(InT;)™ 


R^(R)-ldR 


IA\F'{xi)\^ 


t: 1 + 


m — 1 


< 


1 I - 4> 


which gives 


and therefore 




(x) = 


A|F'(xi)| 
1 


R^w-idR< 

pCX) 

Va 


{\nEy 


VA\F'ix,W 

R^(R)-ldR 


IA\F>(x^)\^ 


< 


^{ro) 

w(ro) |F'(a;i)P a;(ro) 


c = f{xi)A{xi) = 


firo) 


tm f{ro) 


cc(ro)|F'(ro)|3 |T’'(ro)|2' 

We now look for the maximum of the function F (a;i) given by 


Fix,) ^ (Aix,) 


/(^l) j 


where 


c(ro) = 


tm /(ro) 


|I^'(ro)|2- 

Note that this expression is very similar to the function Fix,) defined in the proof of Proposition 
[Ml except for |T"'(a;i)| being squared in the argument of the exponential and a multiplication by a 
constant. It is also the same function that was maximized in the proof of Proposition [97] so using 
that result we have 

where xf £ (0,ro) is the value of x, which maximizes J^(xi). By monotonicity property (110.31) we 
thus conclude 

Fix,) < ifiiro), 


(x) <Cm^ (ro) \F' (ro)| 


and therefore 
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which is (I10.4P for the region TZi. 

For the second big region 1^2 we have 

1 


—a 


\F'{xi + r)|^ 
f{xi +r) 


and the integrai to be estimated becomes 


ItZ2 = 




Lu{ro) \f{yi)\F'{ro)\^uj{ro) 

\F'{xi)\ 


f(ro)\F'(yi)\^ 

fiyi)\P''(‘rQ)\''^uj(rQ) 


dyi . 


This integrai is again simiiar to the integrai from the proof of PropositionlM] except for \F'{yi)\ 
being squared in the integrand. We ieave it to the reader to verify that the same anaiysis gives the 
desired estimate for in this case. | 

1.4. Generalized Inner Ball inequality. Here we consider the generalized Inner Ball in¬ 
equality (11.241) . namely 


(10.5) 




< ||, 




for the control balls Br associated with the geometry for £i when / (xi) = x)' ' for the equation 

(10.6) C^u = (j), where (j) is admissible, 

with (T > 0 and m > 1. We will show that for 0 < cr < 1, (110.51) holds for m = 1 -I- cr, and that this 
choice of m is optimal. 

To see this, we modify a standard idea, as presented in [ci^ . for establishing necessary con¬ 
ditions for hypoellipticity. Our modification consists in comparing and norms for a certain 
Schrodinger operator [L\ defined below. This will result in demonstrating sharpness of the growth 
parameter m in the generalized Inner Ball inequality. We first rewrite our operator £i in variables 
(x,?/,t) as 

52 52 _ q 2 


A = - 


dx^ 


dy^ ^ OF ■ 


For each r > 0 consider the one-dimensional Schrodinger operator 

rr - '9^ , 2 . / n2 

on (K.). Since the potential r/ (x)^ is positive away from the origin, it has a discrete spectrum 
tending to 00 , and its least eigenvalue Aq (r) satisfies 


Ag (r) = sup 


{£lg,g) /r + I 5 ' (^)l^) 


i-’ , — sup 

9^0 {g,g) g^O 


4l5(x)| dx 


We normalize the corresponding eigenvector g-r so that gr (0) = 1. Then gr is even, strictly positive, 
and achieves its maximum value of 1 at x = 0 G M. 

Now we consider the function 


Gr {x,y,t) = F^* gr (x). 


G.(x,r/,t) = /.(x)e^«(")A*"‘ 


Then it is easy to check that 
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is a solution to 


since 


CiGr = 0 


£iGr{x,y,t) = |-g"(x) - Ao(T)g^(x)+TV(a;)^gr (a;)| 


= {Clgr {x) - (r) 5 . (x)} = 0 


since C{gr = Ag (t) gr- 

Now suppose we have a generalized Inner Ball inequality which we can write in the form 


(10.7) 






for u, any solution of Lu = </> with (/) admissible. Therefore, we can substitute u = F^- into (llO.Tp . 
For the left hand side this immediately gives 


( 10 . 8 ) 

For the RHS we first estimate the L^-norm 
(10.9) 


- J ' 


2Xn(r)v \B2Di0,\/r^ -y^)\ 

\B{0,r)\ 


dy 


where B 2 D denotes a 2-dimensional ball on the (x, t) plane. To estimate the integral we look for 
local maxima of the integrand since it is equal to zero at the endpoints. First, recall that |i32B(0, i?)| 
is given by 

f{R) 


|B2B(0,i?)| 

which in the case of F„ geometry translates to 


\F' {R)\^ 


|S2B(0,i?)| 


i?2g-(ln^) 


1 \l + <7 


Differentiating _ y 2 y\^pij ,2 _ y 2^|2 respect to y and putting to 0 we obtain 

2Ao(r) = (i _ 2F"(y;^^) ^ 


x/r"^ -y 

Applying this to F^ geometry this gives 


|7^'(vA23^)|2 


•^o(t) 


In 


r2 - 1 7^:23^ 1 - (^2 - y2) 


( 7.2 ,,, 211 -t-e' 


where the last inequality is true for any e > 0 and small enough r > 0. We thus have the following 
implicit estimate on y* that maximizes the integrand in (110.91) 


r -y 


< 


Ao(t) 


l + e 
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Substituting this back to (llO.Op gives 


||G, 




Cr 


|S(0,r)| 




2D 


0 , 


y 




Ao('r) 

-C(lnAo(r))i+‘' 


g2Ao(r)i/* ^ 


Cr 


mo,r)\ 


B. 


2D 


’ V^o(t) 




Ao(t)i+® (InAo(r)) 

where in the last inequality we used the explicit expression for Fu and combined all the terms 
depending only on r and not on Aq in Cr- Together with (110.71) and (I10.8|) this implies 

/ 1 Nm „-C(lnAo(T))^ + " 

gAo(r)i.r < (^^gC(ln^) gAo(r)r-^^- 

Ao(t) 2+2‘^ (lnAo(T))°' 


or dividing through by 


1 < — 


-C(lnAo(r))i+'' 


Ao(r)i+'^ (lnAo(r))‘^ 

The above inequality should hold for all 0 < < Ij therefore, since Ao(t) —>• oo as t —>■ oo we 

can choose v such that 


1 


1 - 1 / 


= Ao(t) 


Substituting in the above inequality we have 

1 < G 


gC(lnAo(r))"‘g-C(lnAo(T))i+- 


Ao(t)i+<^ (InAo(T))'^ 

To satisfy this for all Ao(t) we must require m > a + 1. 

On the other hand, it is easy to see that the generalized Inner Ball inequality (110.71) holds for 
m = 1 + cr whenever we have the Inner Ball inequality just for the choice v = i.e. 

(10.10) ) I for all balls Br of radius 0 < r < i?. 

Indeed, to see this, fix A < iz < 1 and a point P G vBr- Then the ball B {P, — v)r) is contained 

in Br: and so from (110.101) applied to the ball B {P, (1 — iz) r) we obtain 

U (P) < ||M|lL°°(lB(P.(l-!y)r)) — ll^ll L2 (^(p, ' 

Now we note that 

1.2 1 / , ,6 


lL2(B(P,(l-!y)r);/j,,) 


(P, (1 — p) r)| J B(P,{l-v)r) 


< 


< 


\Br 


1 


\B{P,{l-v)r)\\Br\JBr 

\Br\ 1 r . .2 


|A?(l-i/)r| \Pr\ JBr 


Br 


Crey 

' ^r\ JBr 


which proves the generalized Inner Ball inequality (110.71) . equivalently (I10.5L holds for m = 1 + tr. 
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From the above analyses we can conclude the following for all cr > 0. 

• If (T < 1 we can find m > 2 such that cr < and therefore (110.101) holds, and hence 

also (110.71) for m = 1 + cr, for all admissible right hand sides. 

• If cr > 0 and m > cr + 1, then (110.71) fails. 

From these two bullet items we conclude that for 0 < cr < 1, the generalized Inner Ball 
inequality (110.71) holds for m = 1 + cr, and for no larger value of m. 

1.5. Local boundedness and continuity of weak solutions. Using Proposition II 111 we 
can now extend Theorems 1161 and 1171 to the three dimensional operator £i, and using an analogous 
version of Proposition!^ for three dimensions, whose formulation and proof we leave for the reader, 
we can extend Theorem 1261 to the three dimensional operator Ci. The proofs of these extensions 
of Theorems [HDTl and [55] follow the arguments in the two-dimensional case treated earlier, using 
the three dimensional analogues just discussed above. This finally completes the proofs of all of the 
theorems stated in the introduction. 

Theorem 114. Suppose that u is a weak solution to the infinitely degenerate equation Liu = 
V*’^.4Vu = (j) in il G where the matrix satisfies (m and (p is A-admissible, and where the 
degeneracy function f in is comparable to fk,a- 

( 1 ) If 

either k > 2 and a > 0; or k = 1 and 0 < cr < 1, 
then u is locally bounded in VL, i.e. for all compact subsets K offl, 

and satisfies the maximum principle 

SUp<SUp-f . 

a an 

(2) If in addition (p is Dini A-admissible and the degeneracy function f in U.9\} satisfies il.2]) . 
then u is continuous in fl. 


2. An unbounded weak solution 


In this final section of Part 3, we demonstrate that weak solutions to our degenerate equations 
can fail to be locally bounded. We modify an example of Morimoto [Mor] that was used to provide 
an alternate proof of a result of Kusuoka and Strook |KuStr| . 


Theorem 115. Suppose that g G C' 

( 10 . 11 ) 

Then for some e > 0, the operator 

£ = 


lim inf 

X —>-0 


satisfies g (x) > 0 , 5 ( 0 ) = 0 and the decay condition 
1 


; In 


9{x) 


^0. 


52 ^ 


d^2 ' ^ Qy2 ' Q^2 

-hypoelliptic in an open subset (— 1 , l)xRx (—£, e) ofMf containing the origin, 
where Va = \/9 *5 ^^6 degenerate gradient associated with L. 


fails to be 
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Proof. For a,T] > 0 we follow Morimoto |Mor] ■ who in turn followed Bouendi and Goulaouic 
|BoGo| . by considering the second order operator + g (x) if' and the eigenvalue problem 

Lnv{x,r]) = Xv{x,ri), xGJa = (-a, a), 
v{a,r]) = v{-a,r]) = 0. 

The least eigenvalue is given by the Rayleigh quotient formula 

{Lr,fJ)L2 


Ao (a, ry) = inf 




inf 

/(/o)GCo“(/y 


f-a /' + f-a 9 {x) lyV {xf dx 


\l^ 


from which it follows that 

( 10 . 12 ) 


Ao (a, I?) < Ao (oo, g) if a > ag. 


The decay condition (110.111) above is equivalent to the existence of 5o > 0 such that g (x) < e i“=i 

_ ^0 

for X small. So we may suppose g {x) < Ce T^T for a; G 7 = [—1,1] where C > 1, and then take Iryj 
sufficiently large that with 

“ lnC + 21n|77|’ 

we have both a(g) < 1 and 

g{x)g <Ce <e ''' = 1, x G la(ri)- 

Now let gg {a (g)) denote the least eigenvalue for the problem 

I 

+ l>v{x,g) = fiv{x,g), x G = {-a{g) ,a{g)), 
v{a{g),g) = v {-a{g) ,g) = 0, 


and note that 


dg{aig)) = inf 

/(/0)GCo“ (/„(,)) 


+ /)/ 




inf 

/(/0)GCo” (/„(,)) 






It follows that 


Ao (a (g) ,g) < g,g (a (g )), for \g\ sufficiently large. 


Now an easy classical calculation using exact solutions to | —+ 1 — /i|u = 0 shows that 

1 

+ 1) 


a{gy 


Mo (a (g)) = Cl 
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for some constant Ci independent of 77 , and hence combining this with ( 110 . 121 ) . we have 


(10.13) 


0 < Ao ( 1 , 7 ?) < Ao ( 0 ( 77 ), 7 ?) < 710 ( 0 ( 77 )) 


= Cl 


In C + 2 In I 77 I 


1 < C 2 (ln|77|) 


for 1771 sufficiently large. 


Now let vq (x, rj) be an eigenfunction on the interval I = —Ii = [—1,1] associated with Aq (1, 77 ) 
and normalized so that 


(10.14) 


Iko {■,r])\\L^i) = 1- 


Choose a sequence {an}^_oo satisfying 


(10.15) 


|On I ^ 


1 

1 + n“^”’ 


for some a > 0 where ||{Pn}nGzlL 2 = 1- For V ^ I-k = [—"TiTt], identified with the unit circle T upon 
identifying — tt and tt, we formally define 


w{x,y) 
WN {x,y) 


u{x,y,t) 


{x,n) a„; 

nGZ 

Ao (1, n)^ {x, n) a„; 

nGZ 

^ ^2N 

iV=0 ^ ’ 


We now claim that 


WN (ai, y) 


dx'^ 




Indeed, assuming this holds for N, and using 







164 


10. AN EXTENSION OF THE THEORY TO THREE DIMENSIONS 


we obtain that 

92 


92 


9x2 9 (x) ^^2 


N + 1 


’{x,y) = <- 


92 92 I 

- ^ Ao ( 1 , n)^ e‘^'‘4bifo (x, n) (i„ 




+ ^ Ao (1, n)^ (x) n^vo (x, n) a„ 

nGZ 

Ao (1, n)^ e'^'^Ao ( 1 , n) vo (x, n) an 

nGZ 

- X! Ao (1, n)^ (x) ri^VQ (x, n) a„ 

nGZ 

+ y] Ao (1, n)^ (x) n^xo (x, n) an 

n^Z 

y^ Ao (1, e**'”xo (x, n) a„ = wat+i (x, y). 


n^Z 


It follows that 


and so formally we get 


92 ^2 

“ 9 (x) ^ f- U’N (x, y) = WN+i {x, y), 


9x2 


9?/2 


92 92 92 1 “ t2A 


4 °o ^2N 

iv=o ^ ^ 


0 ° q2 ^2N 

= E 2/) - E (x, y) 






dt‘^ (27V)! 




2A 


yy I^n-2 


{2N -2)\ 


wn ix,y) = 0. 


N=0 '■ ' N=1 

Now we show that u (x, y, t) is well defined as an (/ x T)-valued analytic function of t for t 
in some small neighbourhood of 0 provided {an}n^z i® (Z) with suitable decay at 00 , namely 
(I10.15|) . Indeed, using Plancherel’s formula in the y variable, and then Fubini’s theorem, we have 

L 2 (jxT) = J Ij X! Ao(l,n)^e**'”xo(x,n)a„ dy } dx 


kivll 


e**^”xo (x, n) a 

J “I E |^° 'I'o {a:,«) a„ > dx 

Inez ) 

E|/ |xo dxl Ao(l,n) 

„GZ '-•^-1 ^ 

y^ IAo (l,n)^c 


n^Z 
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Now from (110.131) we have the bound Aq (l,n) < C 2 (Inn) for n sufficiently large, and hence from 

(fTOl^l) . 

, , 1 

|o„| < ~Pnt 


1 + n° 


where ||{p„}„gz||f 2 = 1, we obtain 


Ikivll 


L2(/xT) 




2N 


an 




< C 3 


\ 


E 


(Inn) 


2N 


1 + e‘ 


t In T 


\Pn 


< Ciy/Na-^^ {2N)\ {2N)\ 


n^Z 


since by Stirling’s formula, 

^2N 


< < 




1 + e° 

Thus we conclude that 

00 ^2N °° / 

lk(a:,y,i)llL2^^(/xT) < J2 7^^ lkw|li2(j^T) ^ <^4 XI ^ ( “ ) < 

for t G {—a, a), and it follows that u {x, y, t) is a well-defined {I x T)-valued analytic function of 
t G (—a, a) that satishes the homogeneous equation £u (x, y,t) = 0 for (x, y, t) G / x T x (—a, a). 
Next, we show that u G (/ x T x (—£, e)) for some £ > 0. We first compute that 


dx 


WN 


L2(/xT) 


d 






L2(7xT) 

WN {x,y),WN {x,y )) 

/ L2(/xT) 


= (n;Ar+i(ai,y),u;Ar(a:,y))^2(jxT) 

< II^^AI+i||j;,2(/xT) II^w||j;,2(/xT) 

< C'4\/FTTa”^^”^ {2N + 2y.CiVNa-‘^^ {2N)\ 

< ClN^[{2N)fa-'^^-'^ , 

which shows in particular that wn G (d x T) for each TV > 1 with the norm estimate 


WN 

{2Ny. 


< C5Nia-^^-\ 

wy^iixT) 


Thus the (/ x T)-valued analytic function u (t) = X(a=o { 2 Ny. ^'^^ ^ T)-bounded in 

the complex disk B (0, a) centered at the origin with radius a. Then we use Cauchy’s estimates 
for the (J x T)-valued analytic function u (t) to obtain that -^u (t) is IC 4 ’ (/ x T)-bounded 
in any complex disk B (0, e) with 0<£<a = /3 — i, which shows that -^u G (/ x T x (—£, £)) 
for 0 < £ < /3 — i. This completes the proof that u G (/ x T x (—£, £)) for some £ > 0. 
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Finally, we note that with where ^ < /3 < § — a, then u is not smooth near the 


origin since 


dy 


w 


L2(/xT) 


ine^^^vo (cc, n) ar. 


dy > dx 


/ {'^\vo{x,n)nan\'^ > dx 

•^-1 Uez J 

X! I / \voix,n)f dx 

nGZ ^-^-1 

|na„|^ = y]] 






1 + Ini' 


This is essentially the example of Morimoto [Mor| . However, we need more - namely, we must 
construct an unbounded weak solution u in some neighbourhood of the origin in / x T x (—e,e). 

To accomplish this, we first derive the additional property (llO.lbp below of the least eigenfunc¬ 
tion Vn (x) = Vo (x, n) that satisfies the equation 

1“^+5(2;)n^|u„(ai) = Ao (l,n) (x), 

i’n(-l) = Un(l)=0. 


We claim that (x) is even on [—1,1] and decreasing from (0) to 0 on the interval [0,1]. Indeed, 
the least eigenfunction v„ minimizes the Rayleigh quotient 

ill x'„ (xf dx + /y g (x) ifvn [xf dx f {xf dx + g (x) f {xf dx 

ini 


IKII 


L2 


/(/0)GCo“(/„) 




and since the radially decreasing rearrangement u* of Vn on [—1,1] satisfies both 

J V*' {x)^ dx < J (a;)^ dx and J g (x) (x)^ dx < J g {x) g^f {x)^ dx, 

as well as ||u* ||^2 = || 117111^2, we conclude that Vn = v^. The only simple consequence we need from 
this is that 

(10.16) 


2Un (0)^ > J Vn (x)'^ dx = 1, n > 1, 


where the equality follows from our normalizing assumption ||u „||^2 = 1 in (110.141) . 

1 

4 


Now recall a > 0 from (110.151) above, and choose Q < a < a' < \ and define 


(10.17) 


Qjn — 



0 


for n > 1 
for n < 0 
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Then for each x € I, we have with (x) = (x) a„, 

oo oo 

w (x, y) = ^ e^^’^Vn (x) an = ^ e"^"bn (x) , 

n—1 n—1 

/ oo \ ^ oo I' n—1 ^ 

’(x,yf = e*"" 


w \ 


n=2 Kk^l 


and so by Plancherel’s theorem, 


lk(a;,-)lli4(T) = =J 2 

^ ’ n=2 


bn-k (x) bk (a;) 


k=l 


In particular we have from (110.161) that 


1^ (Oi ■)IIl4(t) ~ ^ 

n—2 
oo 

= E 


bn-k (0) bk (0) 


n—2 


n — 1 


Vn-k (0) an-kVk (0) ak 


k^l 




n=2 


n—1 

^ ^ (^n—k(^k 


k=l 


and now we obtain that \\w (0, •)IIl4(t) “ from the estimates 


n—1 


^ ^ ^n—k^k — ^ ^ 


1 


1 


> 


fc=l 


k=i {n-fc)^+“' ^ (n-l) 

^ 1 1 

"" V2/ 


1 ^ 

t _V 

V . \ 7 T To; ' ^ 


-,+a' Z .— < h^+a' 
fc=l 


2a' 


n 


and 


1 °° 

' (0^ *)iil^(t) ^ 9 


n=2 


n—1 

^ ^ ein—k^k 


k=l 


> 


y— = 

/ ^ „4a' 


ra=2 


for a < -. 
~ 4 


Now we note that each eigenfunction ti„ (a;) is continuous in x since it solves an elliptic second 
order equation on the interval [—1,1]. Then we write 


E 

n=2 


n—1 


y^ Vn-k (a:) an-kVk (a:) at 




= E 


n—2 


n — 1 


y bn-k (x) bk (x) 


k=l 


E (^) y (^) ^^3 (^) 


/3=(/3i./32,/33./3JgN^ 

/3i+/32=’4=-93+^4 
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and apply Fatou’s lemma to conclude that 

1 |2 


oo = 


= E 


n—2 


bn-k (0) bk (0) 


k=l 


E bp^iO)b^jO)b0^{O)b0jO) 

/3=(/3i,/3„/33,/3JeN'‘ 

^l+^2=”=^3+^4 


E ( 2 ^) ( 2 ^) hi ( 2 ;)} 

/3=(/3i,/32,/33./3JeN^ 

^l+^2=”=^3+^4 


< 


E bp^ (x) bfs^ (x) bp^ (x) bp^ (x) 

/3=(/33,/33,/33,/3JeN‘‘ 

^l+^2=”=^3+^4 


lim inf } 

a:->0 

n—2 


n—1 

E 


&„_fc (x) bk (x) 


= lim inf ||r; (x, 


Il^(T) 


Thus we have lima:_).o Hw (x, Olli^Cf) = oO) which implies that ||ic||^oc.(7xT) = 

Thus u (x, y, t) = Ea=o (2jy)! Wat (x, 1/) is a weak solution of Cu = 0 in / x T x (—£, e) with 
ll“llL~(/xTx(-a,a)) = 0° PTOvided 0<e<a<a'<i. | 



Part 5 
Appendix 



We include three results tangential to our development here. First we show that our hypoellip- 
ticity theorem for quasilinear equations doesn’t generalize to more fully nonlinear equations, even 
with a degeneracy like that in (jl.8l) above. Then we show that almost generic Young functions 
have a remarkable recursive form that permits easy calculation of its iterates. Finally, we compute 
the Fedii operator C in metric polar coordinates, and show that there are no nonconstant radial 
functions u for which Cu is also radial. 


CHAPTER 11 


A Monge-Ampere example 


Let {s) be a smooth even strictly convex function that vanishes only at s = 0, and vanishes 
to infinite order there. Then we have 

Now define u {x, y) = x'^ + ip (x) y'^ and compute 
D‘^u{x,y) = 

^yx ^yy J I 

det D^u{x,y) = 4p (x) + 2p (x) p” {x) y'^ — 4p'(x)'^ y"^. 

Then with 

/ (a;, y) = {2 + p” (x) y^) 2p (x) - dp' (xf y^ 

we have for {x, y) small enough that u is a convex solution to the Monge-Ampere equation 
(11.1) det D'^u {x,y) = f {x,y) 


^xx '^xy 


2 + p" (x) y2 

2p' (x) y ■ 

^yx ^yy 


2p' (x) y 

2p (x) 


where / is smooth and positive away from y = 0 and satisfies 




o{f{x,y)). 


Now we modify u by changing the multiple of on either side of the y-axis, which has little 
effect on det D'^u (x, y): 


J x^ + p(x)y^ if X > 0 

[ ix^ + p(x)y^ if X < 0 ’ 

f (2-I-(x) 2(^ (x) — 4(/j'(x)^ if x>0 

\ (l -f p" (x) y^) 2p (x) — p' (x)^ y^ if x < 0 


Thus with f (x,y) = det (x, y), we still have that / is smooth and positive away from y = 0 
and satisfies 

^/(x,y) =o(/(x,y)). 
ay 

But now u G \ is a nonsmooth solution to the Monge-Ampere equation detH^u = /. Of 
course u is constant on the y axis, and the existence of this ‘Pogorelov segment’ accounts for the 
singularity of the solution - see fSiW] . 

The partial Legendre transform exhibits a close connection between this equation and quasilin- 
ear equations of the type considered in Theorem [TJ Indeed, if u solves (111.11) . then the associated 
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partial Legendre transform 

s = X and t = Uy (x, y ), 
z = Ux {x, y) and v = y, 
satisfies the ‘Cauchy-Riemann’ equations, 

2 :* = fvt , 


Zt = -Vs , 

and hence v is a weak solution of the quasilinear equation 

\ds^ 




u = 0, 


of the form /Iquasi in Theorem [TJ The transform has nonnegative Jacobian 


d{s,t) 

d{x,y) 


= det 


1 


0 




^yx '^yy 

which is positive where / is positive. But kvt = Zg = Uxx bas a discontinuity on the t-axis, and it 
follows easily that both vt = jZg blows up at the t-axis, and that v has a discontinuity across the 
t-axis. Of course v = y is bounded. The resolution here is that the partial Legendre transform is 
not one-to-one on the y-axis, and in fact the transformed equation is not valid at a: = 0. 





CHAPTER 12 


A criterion for a recursing formula with concave generator 


Our Moser iteration above was rendered computable by using the special form Young function 

The point is that this function has the recursing form 

$(t) = g(s)=s^, 

in which the iterates (t) are given simply by 

(t) = _ 


Indeed, 

<I) o $ (t) = 

etc. 

We turn here to the problem of deciding which strictly increasing functions $ (t) can be ex¬ 
pressed in the recursing form 

$ {t) = 

for t large with a concave generator g. We have the following proposition. 

Proposition 116. Suppose that d) (t) is positive, increasing, convex and satisfies 

$ (t) 

( 12 . 1 ) 

Then $ (t) = e® for t large with a concave generator g. In fact we may take a large and 

g (s) = Gtriv (e^*) = G (ao) -f a < e® < $ (a), 

ao 

and then extend g by the formula 

(/(ln$ (t)) = (/(Int)-I-1, t>a. 

Proof. With G (t) = g (Int), we write 

g{\n^{t)) = g{lnt) + l; 

G{^{t)) = Git) + 1, 

and consider a starting point a > 0. Then we consider the orbit 

= (a)}“ 

1 . j n—1 
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of iterates of $ starting at a, and define G on the orbit O (a) to satisfy the recursion 
G (an) = G (<& (a„_i)) = G (a„_i) + 1, n > 1, 
where the initial value G (oq) = G (a) is at our disposal. We obtain 

G (a„) = G (a) + n, n > 0. 

Consider a piecewise differentiable function $ on an interval I with derivative $' > 1 on /. 
Then $ is strictly convex on I if and only if 

X 2 — 2x1 + xo > 0 $ (X 2 ) — 2$ (xi) + $ (xo) > 0, Xj G I. 

It now follows by induction on n that for <i> strictly convex with $' > 1 we have 

a„+i - 2a„ + a„_i = (a„) - 2$ (a„_i) + (a„_ 2 ) >0, n > 2. 

Since $ is strictly increasing, we have a < t < b an < tn < bn for all n > 0. We now 
take 6 = $ (a) and note that O (6) = {6ra}^o = {®n+i}^o where O (o) = {anlj^o- Thus for any 
definition of G on [ao,ai) we can uniquely extend G to [a, 00 ) by the formula 

G (s) = G (tn) = G (f) + n if On, < s < a„+i and s = tn , 


so as to satisfy the identity 

G($(t)) =G(t) + l, t>a. 

Then the function g {s) = G (e®) satisfies 

g(ln$(t)) = 5 (lnt) + 1, t>a. 

We now wish to choose an initial definition of g (s) = G (e®) on [oq, oi) so that g (s) on [oq, 00 ) 
is concave and piecewise differentiable. Since g' (s) = G' (e®) e® we see that g will be concave if and 
only if 

(12.2) tG' (t) is a decreasing function of t. 

Suppose a function G is defined on the intial segment [ao,ai) and satisfies H12.2|) on [ao,ai) and 
G (oi) = G (oq) + 1. For example, if we require in addition that tG' (t) is a constant G, then the 
choice G(t) = G(ao) + G ^dx = G (ao) + Gln^ trivially satisfies (112.21) . and matches up at 
the orbit point oi provided 

G(ao) + Gln— = G (ai) = G (ao) + 1; — oT- 

dn In — 

^ ao 

In —^ 

We denote by Gtriv {t) = G (oq) + this trivial choice of G on [oq, ai). 

Now if G is any function on [ao, ai) satisfying (jl2.2|) and G (ai) = G (ao) +1, then the extension 
of G to [ao,oo) will satisfy (112.21) on each interval [a„,a„+i) provided that (§ 7 ^ is a decreasing 
function of t. But this always holds if $ is positive increasing and convex. Indeed, on the next 
interval [ai,a 2 ) we have 


Thus G' (s) 


G (s) = G ($ (t)) = G (t) + 1 if ai < s = $ (<) < a 2 . 


A(G(ci>-Ms))+l) 


G'(‘f~T^)) 


and 


sG' (s) 


G' ( 5 )) 

^ ($-1 (s)) 


G'jt) 

it) 


<^{t) 

(t) 


tG' (t) 
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will be decreasing provided both <1> and tG' (t)are. Now an induction on n shows that G 
satisfies (112.21) on each interval [a„,a„+i). 

It remains only to check that (112.21) holds at the orbit points for a suitable choice of G. But 

-i— 

we claim that (112.21) holds for the trivial choice Gtriv (t) = G (ap) + . Indeed, at the orbit point 

aQ 

ai we have 


lim tGi 

t — 
t<ai 


triv (t) - lim tG'triv {t) = 

t—^ai 


t>ai 


ai 


ai 

In 

ao 


In^ 

ao 


a I lim 

t — 

t>ai 


(ih-i it)) 
G'trW (t)) 


ai lim —Gtriv 
t^ai dt 
t>ai 


$'($-1 ( t )) 


In^ 

ao 


In^^ 

ao 


In^ 

ao 


- ai- 


G'triw (Qq) 

$'(op) 

1 i 


- ai 


‘i>'(ao)lnfJ 


1 - 


Ql 

ao 


$'(ap) 


> 0 


provided < 1. Similarly, at the orbit point a„ we have 


lim tG;,iv it) - lim tG^^v it) > 0 

t—¥an t—¥an 

t<.an t^an 


provided 


a 


Qn-l 

ian-l) 


< 1 ; 


$ (a»-i) 
a„_i$' ittn-l) 


< 1, 


which is implied by (112.11) . | 


























CHAPTER 13 


Absence of radial solutions 


Recall our family of geometries with inverse metric tensor A 


1 

0 


0 

f(^f 


and A-distance dt 


given by dt^ = dx^ + j^^dy'^, which coincides with the familiar control metric d associated with 
A. Here we suppose that / (x) is positive away from zero and / (0) = 0 (thus prohibiting the usual 
elliptic geometry). We say that a function v (x, y) is radial if it depends only on the metric distance 
r = d ((0, 0), (x, y)) from the point (x, y) to the origin. Here we show that there is no nonconstant 
radial solution to the equation Cv = (p (r) with radial right hand side for such geometries. Note 
that this includes all of the finite type geometries of this form, as well as the infinitely degenerate 
ones. 

We work in Region 1 for convenience. Recall that 


d{x,y) 

dir,X) 


A 

ml 

A 

Va^-/(x)^ 

L A 


^ (A=-/(u) = )5 


■^du 

2 

■du 


(-) 

^ TO3 (x) J 


where we write 


(13.1) 


ruk (x) 




du. 


Then det (|^) 



/ (x)^m 3 (x), and the inverse matrix is given by 


d{r,X) 

d{x,y) 


1 


det 


d{x,y) 

d{r,X) 




y^X^-f{x) 

X 


-m 3 (x) 
m 3 (x) 


^X^-f(xf 1 

A A 

fjxf _ 1 

Ix^yx'^-fixfruiix) ^rn3(x) 
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Thus 


dr ~ / ( 2 ;) 

dx A 


dx 


fix) 


dr 1 
dy A 

dX 


^X^-f{xfXm,{x) 


and so 


A 

i9a; 


9A 9 9r 9 
9a: 9A dx dr 


f{x)^ 9 \j>i^ - f (x)'^ 9 


_9 

dy 


\Jx^ - f (a;)^A to3 (x) 
9A 9 9r 9 


9A 


9r’ 


and 


1 


9 1 9 

+ 


dy dX dy dr \ /(“) 


Remark 117. If v = v (r) is radial, then 


dv 


dv 




\ / ~ f (^) dv f I , ^ dv 




(FWf^ ¥j £■ 


which is not in general radial, but its modulus is: 

|Vai:| = 


dv 

dr 


Note also that where {X (A) ,Y (A)) is the turning point of the geodesic through the 

origin and ix,y). 


Now we compute the second derivatives: 

9^r 9 \l^ ~ f (x) 

dx'^ dx X 

fjx)^ I _ /(^)^ _ / jx) f jx) 

A"m 3 (x) A (a" - / (x)") m 3 (x) x^X^-f{xf 

and 

9^r 91 1 9A 1 

9 y 2 9 y A A^ dy X^mz (x) ’ 
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We then have 


d'^v 


d (dX dr 

dX d dr d 


d^X 


v\ (r, X) 


d^r 


Vr (r, A) 


dX / dX d dr d X dr / dX d 

dx \ i9a; 9A dx dr J 9a: \ dx dX 

d'^X d'^r 

+-^v,ir,\) + —^vAr.X) 


dr d 
dx dr 


Vr (r, A) 


dx 

d^X 

dx"^ 


dr dX 


v\ (r, A) 


9^r 
dx "^' 


(r, A) 



2 

Vrr (r, A) 


and similarly, 


d^v 

W 


f)r 8\ 

-AA(r,A) + 2--..v(r,A) + 


dy 

9^A 9^r 

— 2 • 


91/2 



2 

frr (t, A) 


Then, if i; = i; (r, A), we have the following expression for £ in polar coordinates: 


£v 


d'^v 


f{x) 


d'^v 

w 


dX 


dX 


+2 


dx) \dy 

dr dX 2 dr dX 

9a; 9a; ^ dy dy 


vxx (r. A) + 


Vrx (r, A) 


+ i^X) vx (r. A) + (£r) Vr (r. A). 



Vrr (r, A) 
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Since 



+ fixf 




+ f {xf 



dr dX 2 dr dX 


fix) 


\Jx^ - f (x)^ Ama (x) ^ 

fix)'^ 


+ fix) - 


1 


Ams [x) 


fix) 


^A^ — / A^ma (x)^ A^wa (a;) 

/(a;)'‘ + (a^ - fix)^) fix)^ 

A^ma (x)^ 

fix)^ 


(a^ - /(x)^) ma (a;)^ 
\Jx^ - f (x) 


+ fix)^ 


X^-fix)^ , /(xf , 
,2 


A^ 


A^ 


\J>f-fix)^ f{x)^ 

^ - f ix)^^'^3 ix) 

fjx)^ _ fjx)^ ^ 

A^ma (x) A^TOa (x) 


/(^f 


1 1 
A Awa (x) 


we obtain 


£v 


d'^v 2 

9x2 + f (^) 

_ fjx)"^ 

- / (x)^^ ma (xj 
+ (£A) VA (r, A) + (£r) (r, A). 


v\x (r, A) + Vrr (r, A) 


In particnlar, if x = x (r) is radial, 


(13.2) 


Cv (r) = Vrr (x) + i£r) Vr (x) . 
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In order to understand equation (113.2L we must compute £r, 
nooi ^ I ft ( d - / (xf 



5 f{a 


dy \ j 

fix) fix) ^A y/A^-ZW' dXfjxf 

x^x^-fix)^ 

x^=l^ - f(x) f ix) 

yX^ - f ix)'^Xm3 ix) 1 ^ 5 A ar ^ ^^^2 dX dr ^ 


X^X^-f(x)^ ^\9xdx 

f (a;)^ - / (a;) /' ix) m3 (a;) y^A^ -fix) 
xi^X"^ - f (a;)^) m3 (x) 

/ (a:) /' (a;) 


dy dy) 


fix 


A (a^ -/(x)^) m3 (x) Ay^A^ - f ix)^ 


where we used that _(_ f = q. Now we note that since 

ax ox J \ / (Jy (Jy 


d \J^ ~ f ix) d f (x)^ d 

dr X dx~^ X dy’ 


we have 




\J\^ - d 

X dx 


A^-/(xr + 


2\ , fix) d f ry 


X dy 


X - fix)' 


\/>'" - f (x)" X§ - f jx) f (x) / (x )2 Af 


\Jx^ - f (x)" 


\Jx^ - f ixf 


1 

A 


/(a:)' 


A. 


\Jx^ - f (x)^Am 3 (x) 


- / (a:) /' (a;) - 


/ (x) Am 3 (x) 


/(a 


so that 
(13.4) 


\Jx^ - f [xf Xmz ix) 


A 

dr 


f jx) f jx) 
X 


X 


fix) 


\Jx^ - fixY 


A\/a^ - f ixf m 3 (x) 


/ (a:) /' (a^) 

A 


\nfx^-f{xf\=- 


f (a^) /' (a:) 
A^A^ - /(a:)^ 
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We also have 

(x) 

dx 


(13.5) 


dms {x) 
dy 


(13.6) 
and hence 



..,3A r f(uf 

(V-/(xf)* (V-/(»f)’ 

fjxf _ ^ f {xf ms (a:) 

- / (cc)^) " \l>'^ - f {xf ms (x) 


du 



- 3 a|i r . 

(a“-/(»)")• 

0 ^5 (a:) 
ms (x) ’ 


C?M 


dr 


ms (x) 


so that 
(13.7) 


\J^ ~ f (^) i 9 m 3 (x) / (x)^ dms (x) 


dx 


A dy 


fixf Jx^-fixY 


^ (A^-/(xt)' ^ 

\/a“ - / {xf f(xf _j\/A“-/(a:)' 


I 1 o/(^) I I \ 

m 5 (x) A--3 —-—ms (x) A— 

ax A ay 


{x^-f{xfy 


■ms (x) A 


f{xf 


A^ — / {x)^Xms (x) 


, o/(^) AAA 1 

+3 —-—ms (x A--^ 

A Ams (x) 


/(a;) 


_ o f {xf ms (x) g/ (x)^ ms (x) 


X(^X^ - f {xf^ ^^3 (x) Xms (x) 


/(a;) 


a(a 2 -/(x) 2 )’ 


(9r 


In (m 3 (x)) 


_ fjxf _ 

xi^X"^ - f {xf'j ms (x) 
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From (113.31) . (113.4L and (113.71) . we finally obtain 


(13.8) Cr = ^ In (m 3 (x)) + ^ ^In - f 

= ^ In ^\/a^ - / {xfms (x)^ . 

Substituting this into (113.21) . we see that if v (r) is a radial solution of Cv 


(fi (r, A), then 


(13.9) 



(fi (r, A). 


Conclusion 118. If v 
for some constant C, 


V (r) is a radial solution of Cv = 0, then from i f 1,7. ,91) it follows that 


^ __ C _ 

\/a^ - f [xf m 3 {x) 


and if C 0, the function on the right is not radial. This means that there exist no nonconstant 
radial solutions to Cv = 0. Indeed, there is no nonconstant radial solution to Cv = f (r), since if 
V is a nonconstant radial solution, then from Cv (r) = v" (r) + (Cr) v' (r) we see that Cr is radial, 

and hence from 113.8\) that y — f {x)^m 3 {x) is radial, a contradiction. 
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